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Per–lhyh

SkopÏc thc ptuqiak†c aut†c ergasv–ac e–nai h parousv–asvh tou fainomËnou thc
aktinobol–ac kai tou ParadÏxou thc Plhrofor–ac pou prok‘ptei apÏ
aut† Arqikà g–netai m–a sv‘ntomh anaforà svtic MelanËc OpËc kai
th gewmetr–a touc UpojËtoume Ïti o anagn∏svthc diajËtei basvikËc gn∏sveic pànw
svth Genik† Jewr–a thc SqetikÏthtac Sth svunËqeia parousviàzetai m–a leptomer†
eisvagwg† svthn bantik† Jewr–a ped–ou sve ep–pedo allà kai sve kampulwmËno
qwrÏqrono Epeita g–netai m–a anaparagwg† thc apÏdeixhc tou gia thn
aktinobol–a twn Melan∏n Op∏n kai svthn epÏmenh enÏthta anafËrontai sv‘n-
toma Ënnoiec thc Kbantik†c Plhrofor–ac apara–thtec gia thn diat‘pwsvh tou
ParadÏxou thc Plhrofor–ac TËloc parousviàzetai diexodikà to Paràdoxo thc
Plhrofor–ac kai eisvàgontai diorj∏sveic lÏgw Kbantik†c Bar‘thtac pou telikà
blËpoume Ïti den e–nai ikanËc na l‘svoun to paràdoxo
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Kefàlaio 1

MelanËc OpËc

Sto kefàlaio autÏ ja epiqeir†svoume na melet†svoume th gewmetr–a tou q∏rou
miac melan†c op†c kai na do‘me gia poio lÏgo oi upologisvmo– tou
pou Ëdeiqnan Ïti oi teleuta–ec aktinobolo‘n prokàlesvan idia–terh a–svjhsvh Ja
exetàsvoume thn pio apl† per–ptwsvh mia melan† op† me màza M qwr–c fort–o kai
qwr–c svtroform† h opo–a perigràfetai apÏ thn metrik†

K∏noi FwtÏc

H metrik† sve svfairikËc svuntetagmËnec kai svto sv‘svthma monàdwn
Ïpou kai d–netai apÏ thn parakàtw svqËsvh

ds2 = �
✓

1� 2M

r

◆

dt2 +

✓

1� 2M

r

◆�1

dr2 + r2d✓2 + r2 sin2 ✓d'2

Ac do‘me t∏ra ti svumba–nei me touc k∏nouc fwtÏc svto qwrÏqrono autÏ me
svtajerËc tic svuntetagmËnec j kai f Gnwr–zoume Ïti gia tic kamp‘lec fwtÏc isvq‘ei
ds2 = 0 Kai efÏsvon epilËxame aktinikËc kamp‘lec j f svtajerà ja Ëqoume

ds2 = 0 =) �
✓

1� 2M

r

◆

dt2 +

✓
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r
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dr2 = 0 =)

dt

dr
= ±

✓
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H svqËsvh apotele– thn kl–svh twn aktinik∏n fwtoeid∏n troqi∏n sve Ëna
diàgramma Na svhmei∏svoume ed∏ Ïti parà to gegonÏc pwc epibàllame aktinikËc
kamp‘lec oi troqiËc autËc exakoloujo‘n na e–nai gewdaisviakËc lÏgw svfairik†c
svummetr–ac svthn per–ptwsv†c mac Parathro‘me Ïti gia r ! 1 h kl–svh dt

dr isvo‘tai
me ±1 Ïpwc ja per–mene kane–c àllwsvte diÏti svto r ! 1den upàrqei ep–drasvh
thc bar‘thtac kai o qwrÏqronoc perigràfetai apÏ thn metrik† ApÏ
thn ep–svhc parathro‘me Ïti gia r > 2M Ïsvo pio kontà e–masvte svthn tim†
M tÏsvo megal‘terh kl–svh Ëqei o k∏noc fwtÏc Sthn tim† r = 2M màlisvta Ëqoume
apeirisvmÏ thc Gia r < 2M parathro‘me Ïti ta svtoiqe–a gtt kai grrtou metriko‘
tanusvt† apÏ arnhtikà kai jetikà pou †tan allàzoun prÏsvhmo kai g–nontai jetikà
kai arnhtikà ant–svtoiqa AutÏ pou svumba–nei dhlad† e–nai Ïti h svuntetagmËnh t
apÏ qronoeid†c g–netai qwroeid†c kai h svuntetagmËnh r to anàpodo EpomËnwc gia
aposvtàsveic mikrÏterec apÏ M q∏roc kai qrÏnoc allàzoun Ënnoiec kai oi k∏noi
fwtÏc svtrËfontai katà 90�

Oi MelanËc OpËc pagide‘oun akÏmh kai
to Fwc

Gnwr–zoume Ïti gia opoiod†pote pragmatikÏ svwmat–dio me màza isvq‘ei Ïti ds2 < 0

EpomËnwc

�
✓

1� 2M
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◆

dt2 +

✓

1� 2M
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dr2 < 0 =)

dt
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>

✓

1� 2M
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'Ara h kosvmik† aktinik† kamp‘lh enÏc svwmatid–ou ja prËpei pànta na br–svketai en-
tÏc tou k∏nou fwtÏc AutÏ svhma–nei Ïti kanËna eisverqÏmeno proc thn melan† op†
svwmàtio den mpore– na peràsvei sve apÏsvtasvh mikrÏterh apÏ M Ïpwc anafËrame
prin Ïsvo pio kontà svto M tÏsvo pio svtenÏc e–nai o k∏noc fwtÏc WsvtÏsvo to
apotËlesvma autÏ den e–nai t–pota àllo parà m–a yeuda–svjhsvh Sthn pragmatikÏthta
m–a fwtein† akt–na Ïpwc ep–svhc kai Ëna svwmàtio mpore– na fjàsvei kai na peràsvei
thn apÏsvtasvh aut† Aplà Ënac parathrht†c svto r ! 1den mpore– na parathr†svei
autÏ to fainÏmeno Kàti pou exhge–tai wc ex†c

Gia to qwroqronikÏ m†koc isvq‘ei Ïti ds2 = �d⌧2 Ïpou ⌧ e–nai o idioqrÏnoc enÏc
parathrht† pou br–svketai sve apÏsvtasvh r H svuntetagmËnh t e–nai o qrÏnoc pou
metrà Ënac parathrht†c svto qwrikÏ àpeiro Gia Ëna qwroqronikÏ gegonÏc to
opo–o br–svketai sve svugkekrimËnh svtajer† jËsvh dr = d� = d# = 0 isvq‘ei pwc

dt =

✓

1� 2M

r

◆� 1
2

d⌧



ApÏ th svqËsvh fa–netai Ïti kontà svto r = 2M parÏlou pou h qronik†
apÏsvtasvh d⌧ metax‘ d‘o gegonÏtwn e–nai peperasvmËnh Ënac parathrht†c svto
qwrikÏ àpeiro antilambànetai th qronik† aut† diàrkeia na apeir–zetai Dhlad†
mpore– Ëna svwmàtio na pernà thn apÏsvtasvh M sve peperasvmËno idioqrÏno allà
svto r ! 1ja fane– Ïti to svwmàtio den mpore– na ftàsvei potË svthn apÏsvtasvh
aut†

BlËpei loipÏn kane–c Ïti oi svfairikËc svuntetagmËnec pou qrhsvimopoio‘me gia thn
perigraf† thc metrik†c den e–nai katàllhlec gia na katalàboume ti
g–netai svthn perioq† g‘rw apÏ to r = 2M AutÏ ofe–letai kur–wc svton apeirisvmÏ
pou emfan–zetai svthn metrik† mac ton opo–o ja jËlame na apof‘goume

Or–zoume thn svuntetagmËnh

r⇤ = r + 2M ln

�

�

�

�

r � 2M

2M

�

�

�

�

apÏ thn opo–a prok‘ptei pwc

dr⇤ =

✓

r

r � 2M

◆

dr

Me th bo†jeia twn svqËsvewn kai blËpoume Ïti gia tic aktinikËc
gewdaisviakËc kamp‘lec fwtÏc isvq‘ei Ïti

d (t± r⇤) = 0

Or–zoume t∏ra tic svuntetagmËnec

v = t+ r⇤

u = t� r⇤

oi opo–ec onomàzontai prohgmËnh kai kajusvterhmËnh qronik† svuntetagmËnh an-
t–svtoiqa Oi svuntetagmËnec autËc ja mac fano‘n qr†svimec kai argÏtera svthn
apÏdeixh thc aktinobol–ac H metrik† mpore– t∏ra na
grafe– wc svunàrthsvh twn metablht∏n (v, r,#,')oi opo–ec e–nai gnwsvtËc wc

Prok‘ptei loipÏn

ds2 = �
✓

1� 2M

r

◆

dv2 + 2drdv + r2d⌦2

'Opou d⌦2 = d#2 + sin2 ✓d'2



BlËpoume ed∏ Ïti me thn allag† svuntetagmËnwn pou kàname gia r = 2M den up-
àrqei kàpoioc apeirisvmÏc svthn metrik† mac O apeirisvmÏc †tan telikà Ëna prÏblhma
pou ofeilÏtan mÏno svthn qr†svh twn svfairik∏n svuntetagmËnwn Gia tic aktinikËc
gewdaisviakËc kamp‘lec tou fwtÏc t∏ra ja Ëqoume

ds2 = 0 ) ds2 = �
✓
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◆

dv2 + 2drdv = 0 )
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✓
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✓

1� 2M
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◆

dv )
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H svqËsvh prÏkeitai mÏno gia eisverqÏmenec akt–nec EfÏsvon

v = t+ r⇤ = t+ r + 2M ln

�

�

�

�

r � 2M

2M

�

�

�

�

e–nai profanËc Ïti gia na paramËnei svtajerÏ Ïsvo auxànetai o qrÏnoc t tÏsvo ja
prËpei na mei∏netai h apÏsvtasvh r Gia thn svqËsvh Ëqoume Ïti

v � 2
⇣

r + 2M ln
�

�

�

r

2M
� 1
�

�

�

⌘

= �⌧↵✓"⇢Ï)

t� r � 2M ln
�

�

�

r

2M
� 1
�

�

�

= �⌧↵✓"⇢Ï

Ja prËpei na diakr–noume tic ex†c d‘o peript∏sveic

r > 2M t � r � 2M ln
�

r
2M � 1

�

= �⌧↵✓"⇢Ï E–nai profanËc kai pàli Ïti
Ïsvo megal∏nei o qrÏnoc tÏsvo ja prËpei na megal∏nei tautÏqrona kai h
apÏsvtasvh ∏svte h posvÏthta aut† na paramËnei svtajer† PrÏkeitai dhlad†
gia exerqÏmenec akt–nec fwtÏc



r < 2M t� r � 2M ln
�

� r
2M + 1

�

= �⌧↵✓"⇢Ï EfÏsvon to t megal∏nei gia
na diathre–tai h posvÏthta svtajer† ja prËpei to �r� 2M ln

�

� r
2M + 1

�

na
mei∏netai Den e–nai Ïmwc profan†c t∏ra poia ja prËpei na e–nai h svumperi-
forà thc apÏsvtasvhc r

Or–zoume thn svunàrthsvh

f (r) = �r � 2M ln
⇣

� r

2M
+ 1
⌘

h opo–a Ëqei paràgwgo
f 0 (r) =

r

2M � r

Gia r < 2M h paràgwgoc e–nai jetik† epomËnwc h f (r) e–nai gnhsv–wc a‘xousva
Epeid† Ïpwc e–pame prin h f (r) ja prËpei na mei∏netai to r ja prËpei na mei∏netai
kai autÏ 'Ara svthn per–ptwsvh aut† gia r < 2M dhlad† Ëqoume mÏno eisverqÏmenec
svthn melan† op† akt–nec fwtÏc

Sunolikà loipÏn Ëqoume

v = �⌧↵✓"⇢Ï =)EisverqÏmenec fwteinËc akt–nec

v�2
�

r + 2M ln
�

�

r
2M � 1

�

�

�

= �⌧↵✓"⇢Ï)
(

eisverqÏmenec fwteinËc akt–nec r < 2M

exerqÏmenec fwteinËc akt–nec r > 2M

BlËpoume dhlad† Ïti to fwc àra kai otid†pote àllo den mpore– na xef‘gei
apÏ m–a ma‘rh tr‘pa Ïtan br–svketai sve apÏsvtasvh mikrÏterh apÏ r = 2M H
akt–na aut† onomàzetai r–zontac GegonÏtwn gia tic melanËc opËc
AutÏ pou ja prËpei na svugkrat†svoume ed∏ e–nai Ïti h klasvsvik† fusvik† dhlad† h
Genik† Jewr–a thc SqetikÏthtac problËpei Ïti t–pota den mpore– na diaf‘gei m–ac
melan†c op†c Gia to lÏgo autÏ oi upologisvmo– tou pou od†ghsvan svto
apotËlesvma Ïti oi melanËc opËc aktinobolo‘n prokàlesve megàlh ent‘pwsvh svthn
episvthmonik† koinÏthta kaj∏c Ërqontan sve ant–jesvh me tic mËqri tÏte pepoij†sveic
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Kefàlaio 2

Kbantik† Jewr–a Ped–ou

Sto svhme–o autÏ ja peràsvoume apÏ th Genik† Jewr–a thc SqetikÏthtac svthn
Kbantomhqanik† SugkekrimËna ja exetàsvoume thn Kbantik† Jewr–a Ped–ou tÏsvo
sve ep–pedo Ïsvo kai sve kampulwmËno qwrÏqrono SkopÏc mac e–nai h katanÏhsvh
twn ergale–wn pou e–qe svth diàjesv† tou o ∏svte na mporËsvoume na
anaparàgoume touc upologisvmo‘c tou

KbantikÏc AplÏc ArmonikÏc Talantwt†c
EikÏna tou

'Ena apÏ ta axi∏mata thc kbantomhqanik†c e–nai Ïti Ëna sv‘svthma mpore– na peri-
grafe– apÏ Ëna |yi to opo–o e–nai Ëna diànusvma sve kàpoio q∏ro H peri-
graf† tou |yi svth bàsvh tou q∏rou jËsvhc | i , apotele– thn kumatosvunàrthsvhY(x)gia
thn opo–a isvq‘ei

Y (x) = hx || i

S‘mfwna me th je∏rhsvh tou h kumatosvunàrthsvh Y (x) h opo–a peri-
gràfei Ëna kbantikÏ sv‘svthma exel–svsvetai me to qrÏno sv‘mfwna me thn parakàtw
ex–svwsvh h opo–a onomàzetai ex–svwsvh

i
@Y (x, t)

@t
= ĤY (x, t) , (~ = 1)

kumatosvunàrthsvh Y (x) dhlad† exel–svsvetai me to qrÏno me th bo†jeia enÏc
monadia–ou telesvt† Û (t) gia ton opo–o isvq‘ei

Û (t) Û † (t) = I



–dio asvfal∏c isvq‘ei kai gia to |yikai Ëtsvi Ëqoume

|y(t)i = Û (t) |y(0)i

Sthn per–ptwsvh tou kbantiko‘ aplo‘ armoniko‘ talantwt† sve m–a diàsvtasvh afo‘
Ëqoume antisvtoiq–svei touc telesvtËc jËsvhc kai orm†c wc ex†c

x̂ �! x

p̂ �! �i
@

@x

kai eisvàgoume th svqËsvh metàjesvhc

[x̂, p̂] = i

prok‘ptei gia ton telesvt†

Ĥ = �1

2

✓

@

@x

◆

2

+
1

2
!2x2

L‘nontac thn ex–svwsvh h opo–a l‘svh den ja g–nei ed∏ prok‘ptei Ïti
oi kumatosvunart†sveic pou perigràfoun ton K A A T e–nai oi ex†c

Yn (x, t) = e(
1
2 )!x2

Hn

�p
!x
�

e�iE
n

t

me n akËraio arijmÏ megal‘tero † –svo tou mhdenÏc kai Hn ta polu∏numa
bajmo‘ n Gia tic idiotimËc thc enËrgeiac apodeikn‘etai Ïti

En =

✓

n+
1

2

◆

!

BlËpoume dhlad† Ïti h enËrgeia tou kbantiko‘ A A T e–nai kbantisvmËnh exartà-
tai apÏ to n pou dhl∏nei th svtàjmh diËgersv†c tou kai to kbànto thc enËrgeiac
isvo‘tai me w (~ = 1)

TelesvtËc Dhmiourg–ac kai Katasvtrof†c

Kàpoioc ja mporo‘sve na l‘svei to prÏblhma tou A A T me Ëna diaforetikÏ
trÏpo Ac or–svoume arqikà touc telesvtËc ↵̂ kai ↵̂†wc ex†c



↵̂ =
1p
2!

(!x̂+ ip̂) ↵̂† =
1p
2!

(!x̂� ip̂)

Etsvi ∏svte

x̂ =
1p
2!

�

↵̂+ ↵̂†� p̂ = �i

r

!

2

�

↵̂� ↵̂†�

Mporo‘me t∏ra na upolog–svoume ton metajËth touc kai na de–xoume Ïti

⇥

↵̂, ↵̂†⇤ = 1

ApÏdeixh

[x̂, p̂] = i ,
h
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⇥

↵̂, ↵̂†⇤ = �2 ,
⇥

↵̂, ↵̂†⇤ = 1

Qamiltonian† Ĥ = � 1
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@
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2

!2x2 mpore– na grafe– wc ex†c
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kai qrhsvimopoi∏ntac th svqËsvh metàjesvhc twn ↵̂†kai ↵̂

Ĥ =

✓

↵̂†↵̂+
1

2

◆

!

Onomàzoume |ni thn niosvt† diegermËnh katàsvtasvh tou kbantiko‘ A A T Gnwr–zoume
Ïti

Ĥ |ni = En |ni , Ĥ |ni =
✓

n+
1

2

◆

! |ni

ApÏ tic svqËsveic kai prok‘ptei

✓

↵̂†↵̂+
1

2

◆

! |ni =
✓

n+
1

2

◆

! |ni ,

�

↵̂†↵̂
�

|ni = n |ni

BlËpoume dhlad† Ïti o telesvt†c ↵̂†↵̂ mac de–qnei ton arijmÏ twn kbàntwn pou
upàrqoun sve m–a katàsvtasvh tou A A T 'Etsvi or–zoume ton telesvt† autÏ wc ton
telesvt† ar–jmhsvhc

N̂ = ↵̂†↵̂

Ja upolog–svoume t∏ra tic svqËsveic metàjesvhc metax‘ twn Ĥ ↵̂ kai ↵̂†
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⇥

1

2

, ↵̂
⇤

! =
⇥
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= �
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h

Ĥ, ↵̂†
i

= !↵̂†

ApÏ tic svqËsveic kai mporo‘me na katal†xoume sve Ëna svhmantikÏ
svumpËrasvma



'Eqoume

Ĥ
�

↵̂† |ni
�

=
⇣

!↵̂† + ↵̂†Ĥ
⌘

|ni = !↵̂† |ni+ ↵̂†Ĥ |ni ,

Ĥ
�

↵̂† |ni
�

= (! + En) ↵̂† |ni

Omo–wc

Ĥ (↵̂ |ni) =
⇣

�!↵̂+ ↵̂Ĥ
⌘

|ni = �!↵̂ |ni+ En↵̂ |ni ,

Ĥ (↵̂ |ni) = (En � !) ↵̂ |ni

ApÏ tic svqËsveic kai mpore– e‘kola na dei kane–c Ïti ta ↵̂† |ni kai
↵̂ |ni apotelo‘n idiosvunart†sveic tou telesvt† me idiotimËc ! + En kai
En � ! ant–svtoiqa Dhlad† o telesvt†c ↵̂† eàn dràsvei pànw svthn kbantik† katàsv-
tasvh |ni thn odhge– svthn amËsvwc epÏmenh |n+ 1i Ant–svtoiqa o ↵̂ odhge– thn |ni
svthn |n� 1i Gi autÏ kai onomàsvthkan telesvtËc dhmiourg–ac kai katasvtrof†c S‘mfwna
me ta parapànw loipÏn mporo‘me na or–svoume m–a katàsvtasvh |0i svthn opo–a Ïtan
dra pànw thc o telesvt†c ↵̂ tÏte den mporo‘me na pàme sve qamhlÏterh enËrgeia
kai isvq‘ei

↵̂ |0i = 0

H katàsvtasvh |0ie–nai h jemeli∏dhc katàsvtasvh † katàsvtasvh tou keno‘

a po‘me wsvtÏsvo Ïti Ïtan droun oi telesvtËc katasvtrof†c kai dhmiourg–ac h
katàsvtasvh pou prok‘ptei den e–nai kanonikopoihmËnh

Dhlad† ↵̂† |ni = cn |n+ 1i kai ↵̂ |ni = bn |n� 1i .

Isvq‘ei Ïti

b2n hn� 1 ||n� 1i =
⌦

n
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�↵̂†↵̂
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�n
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, b2n = hn |n|ni ,
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p
n

Omo–wc
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,



c2n =
⌦

n
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�↵̂†↵̂+ 1
�

�n
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,

cn =
p
n+ 1

'Ara

↵̂† |ni =
p
n+ 1 |n+ 1i

↵̂ |ni =
p
n |n� 1i

ApÏ tic teleuta–ec svqËsveic mpore– na de–xei e‘kola kàpoioc Ïti

|ni =
�

↵̂†�n

p
n

|0i

Na svhmei∏svoume ed∏ Ïti h katanÏhsvh twn telesvt∏n katasvtrof†c kai dhmiourg–ac
svthn per–ptwsvh tou kbantiko‘ aplo‘ armoniko‘ talantwt† e–nai apara–thth gia
thn kbantik† jewr–a ped–ou kai autÏc e–nai o lÏgoc pou touc exetàsvame tÏsvo
analutikà

EikÏna

Pio qr†svimh svth jewr–a ped–ou e–nai h eikÏna tou apÏ thn ant–svtoiqh
prosvËggisvh tou Se ant–jesvh me ton teleuta–o o je∏rhsve
Ïti oi kbantikËc katasvtàsveic paramËnoun svtajerËc en∏ oi telesvtËc exel–svsvon-
tai me to qrÏno Fusvikà oi d‘o diaforetikËc autËc prosvegg–sveic gia thn kban-
tomhqanik† ja prËpei na d–noun ta –dia apotelËsvmata Gia paràdeigma ja prËpei
na af†noun –dia thn anamenÏmenh tim† enÏc megËjouc 'Esvtw Âo telesvt†c tou
megËjouc tou opo–ou jËloume na bro‘me thn mËsvh tim†
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'Ara gia na taut–zontai oi anamenÏmenec timËc ja prËpei h qronik† exËlixh tou
telesvt† svthn eikÏna na e–nai h ex†c

Â (t) = Û† (t) ÂÛ (t)

ApÏ thn ex–svwsvh isvq‘ei

i
@ |Y(t)i
@t

= Ĥ |Y (t)i ) i
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ˆ (t)Y (0)
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@t
|Y (0)i =
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Ĥ ˆ (t)
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|Y (0)i

kai epeid† aut† h svqËsvh ja prËpei na isvq‘ei gia kàje |Y (0)i prok‘ptei Ïti

i
@ ˆ (t)

@t
= Ĥ ˆ (t)

H ex–svwsvh k–nhsvhc pou ikanopoio‘n oi telesvtËc Â (t) svthn eikÏna tou
e–nai

i
dÂ (t)

dt
=
h

Â (t) , Ĥ
i

pÏdeixh

Â (t) = Û† (t) ÂÛ (t) ) Û (t) Â (t) = ÂÛ (t) )

Ëpeita paragwg–zoume wc proc to qrÏno kai Ëqoume

dÛ (t)

dt
Â (t) + Û (t)

dÂ (t)

dt
= Â

dÛ (t)

dt

Ïpou me qr†svh thc Ëqoume

�iĤÛ (t) Â (t)+Û (t)
dÂ (t)

dt
= �iÂĤÛ (t) ) ĤÛ (t) Â (t)+iÛ (t)

dÂ (t)

dt
= ÂĤÛ (t) )



ĤÂ (t) + i
dÂ (t)

dt
= Û† (t) ÂĤÛ (t) ) i

dÂ (t)

dt
= Â (t) Ĥ � ĤÂ (t) )

i
dÂ (t)

dt
=
h

Â (t) , Ĥ
i

Jewr†svame Ïti o telesvt†c Ĥ metat–jetai me ton Û (t)dhlad†
h

Ĥ, Û (t)
i

= 0 diÏti

o Ĥ den exel–svsvetai me to qrÏno

Gia ton kbantikÏ A A T t∏ra sv‘mfwna me th svqËsvh ja Ëqoume gia touc
telesvtËc katasvtrof†c kai dhmiourg–ac

d↵̂ (t)

dt
= �i!↵̂ (t) kai

d↵̂† (t)

dt
= i!↵̂† (t)

oi opo–ec Ëqoun l‘sveic

↵̂ (t) = e�i!t↵̂ (0) kai ↵̂† (t) = e+i!t↵̂† (0)

poro‘me e‘kola na do‘me Ïti o telesvt†c ar–jmhsvhc diathre–tai

N̂ (t) = ↵̂† (t) ↵̂ (t) = e�i!t↵̂ (0) e+i!t↵̂† (0) = ↵̂† (0) ↵̂ (0) = N̂ (0)

a svhmei∏svoume ed∏ Ïti kai svthn eikÏna isvq‘oun oi svqËsveic metàjesvhc
metax‘ twn Ĥ, ↵̂ (t) , ↵̂† (t)

⇥

↵̂ (t) , ↵̂† (t)
⇤

= 1
h

Ĥ, ↵̂† (t)
i

= !↵̂† (t)

h

Ĥ, ↵̂ (t)
i

= �!↵̂ (t)

plà ja prËpei na prosvËxoume Ïti anafËrontai svthn –dia qronik† svtigm†

Kbantik† Jewr–a Ped–ou sve Ep–pedo QwrÏqrono

Sthn klasvsvik† fusvik† sv‘mfwna me to LagkranzianÏ formalisvmÏ Ëna sv‘svthma
perigràfetai apÏ tic genikeumËnec svuntetagmËnec qisvtic opo–ec antisvtoiqo‘n oi
genikeumËnec ormËc pi Ïpou i = 1, 2 . . . N kai N e–nai o arijmÏc twn bajm∏n
eleujer–ac tou svusvt†matoc Gia ta qikai piisvq‘oun oi ex†c svqËsveic metàjesvhc



[qi, qj ] = 0

[pi, pj ] = 0

[qi, pj ] = i�ij

n∏ ep–svhc isvq‘ei

pi =
@

@q̇i

Ïpou L e–nai h Lagkranzian† tou svusvt†matoc

Autà gia Ëna sv‘svthma me diakritÏ pl†joc bajm∏n eleujer–ac An t∏ra jËloume na
peràsvoume svthn klasvsvik† jewr–a ped–ou eke– Ïpou upàrqei Ëna svuneqËc pl†joc
bajm∏n eleujer–ac ja prËpei na kànoume tic parakàtw antisvtoiq–ec

qi �! ' (�!r )

pi �! ⇡ (�!r )

me ⇡ (�!r ) = @L
@'̇

To ' (�!r ) e–nai Ëna ped–o to opo–o exartàtai apÏ to svhme–o tou q∏rou svto opo–o
brisvkÏmasvte To –dio isvq‘ei kai gia th svuzug† orm† tou ped–ou ⇡ (�!r ) Oi svqËsveic
metàjesvhc g–nontai t∏ra

[' (�!r ) ,' (�!r 0)] = 0

[⇡ (�!r ) ,⇡ (�!r 0)] = 0

[' (�!r ) ,⇡ (�!r 0)] = i�3 (�!r ��!r 0)

'Opou antikatasvt†svame to sv‘mbolo �ijme to svuneqËc anàlogÏ tou th
svunàrthsvh dËlta H Lagkranzian† puknÏthta L anafËretai sve kàje svhme–o tou
q∏rou kai h svunolik† Lagkranzian† br–svketai wc to olokl†rwma thc Lsve Ïlo
to q∏ro



L =

ˆ
Ld3x

Parathro‘me Ïti o arijmÏc twn bajm∏n eleujer–ac e–nai àpeiroc 'Enac toulàqisv-
ton gia kàje svhme–o tou q∏rou H dràsvh d–netai apÏ th svqËsvh

S =

ˆ
Ldt =

ˆ
Ld3xdt

'Opwc gnwr–zoume gia thn e‘resvh twn exisv∏svewn k–nhsvhc apaito‘me D kai
svtajerËc svunoriakËc svunj†kec svta àkra thc troqiàc 'Eqoume loipÏn

D =

ˆ
d3xdtDL =

ˆ
d4x



@L
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�'+
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� (@µ')
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=

=

ˆ
d4x



@L
@'

� @µ
@L

@ (@µ')

�

�'+ @µ

✓

@L
@ (@µ')

�'

◆

= 0

O teleuta–oc Ïroc efÏsvon e–nai olikÏ diaforikÏ exafan–zetai gia kàje �' (�!r , t)pou
mhden–zetai svto àpeiro kai ep–svhc isvq‘ei �' (�!r , t

1

) = �' (�!r , t
2

) = 0

'Ara apÏ thn Ëqoume Ïti oi exisv∏sveic thc k–nhsvhc gia to ped–o f e–nai oi
ex†c

@L
@'

� @µ
@L

@ (@µ')
= 0

H metàbasvh t∏ra apÏ thn klasvsvik† svthn kbantik† jewr–a ped–ou g–netai me
th gnwsvt† mac mËjodo apÏ thn kbantomhqanik† thn proagwg† twn klasvsvik∏n
posvot†twn sve kbantiko‘c telesvtËc 'Etsvi or–zoume to telesvtikÏ ped–o '̂ (�!r , t)me
th svuzhg† tou orm† ⇡̂ (�!r , t) ta opo–a anafËrontai sve svugkekrimËna svhme–a tou
q∏rou kai tou qrÏnou Oi svqËsveic metàjesvhc pou ikanopoio‘n e–nai oi –diec me
autËc twn me th mÏnh diaforà Ïti plËon eisvËrqetai kai o qrÏnoc
sve autËc kai oi svqËsveic anafËrontai svthn –dia qronik† svtigm†

['̂ (�!r , t) , '̂ (�!r 0, t)] = 0

[⇡̂ (�!r , t) , ⇡̂ (�!r 0, t)] = 0

['̂ (�!r , t) , ⇡̂ (�!r 0, t)] = i�3 (�!r ��!r 0)

Ac do‘me t∏ra pwc efarmÏzontai Ïla ta prohgo‘mena gia th Lagkranzian†
puknÏthta thn opo–a ja lËme Lagkranzian† apÏ ed∏ kai svto ex†c pou d–netai
apÏ th svqËsvh
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Ïpou qrhsvimopoi†svame th metrik†
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kai f e–nai Ëna bajmwtÏ pragmatikÏ ped–o

ApÏ thn prok‘ptei Ïti
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� +m2
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' = 0

me � = � @
@t2 +r2

svqËsvh apotele– thn ele‘jerh ex–svwsvh Gnwr–zoume Ïti
oi l‘sveic thc Ëqoun thn morf† ep–pedwn kumàtwn OpÏte mporo‘me na gràyoume
th genik† l‘svh wc ex†c
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Ja prËpei B̂k = Â
†
k∏svte to f na e–nai àjroisvma svuzug∏n migadik∏n svtoiqe–wn

àra pragmatikÏc arijmÏc Ïpwc apait†svame arqikà

EpomËnwc
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E‘kola mpore– na dei kane–c Ïti h l‘svh moiàzei arketà me th l‘svh tou
kbantiko‘ A A T me ton opo–o asvqolhj†kame nwr–tera H diaforà e–nai Ïti sv-
ton A A T Ëqoume m–a mÏno svuqnÏthta w en∏ ed∏ upàrqoun Ïlec oi dunatËc
svuqnÏthtec !k =

p
k2 +m2 Mporo‘me epomËnwc na jewr†svoume Ïti h l‘svh mac

apotele–tai apÏ àpeirouc k A A T pou o kajËnac Ëqei svuqnÏthta pou br–svketai



metax‘ kai1 E–nai e‘logo na upojËsvei kane–c Ïti oi svuntelesvtËc tou anapt‘g-
matoc Âk kai Â

†
k svundËontai me touc telesvtËc katasvtrof†c kai dhmiourg–ac an-

t–svtoiqa Kàti to opo–o ja de–xoume parakàtw Epeid† to pa–rnei svuneqe–c timËc
mporo‘me na antikatasvt†svoume to àjroisvma me olokl†rwma svthn svqËsvh

T∏ra autÏ pou jËloume na kànoume e–nai na kanonikopoi†svoume katàllhla ta
ep–peda k‘mata pou upàrqoun svto anàptugma tou ped–ou f Sthn ousv–a jËloume na
dhmiourg†svoume Ëna orjokanonikÏ sv‘nolo apÏ TrÏpouc talàntwsvhc diaforetikà
w Ëtsvi ∏svte na mporo‘me na ekfràsvoume thn kàje l‘svh thc ex–svwsvhc
me bàsvh to sv‘nolo autÏ Gia na Ëqei Ïmwc nÏhma to orjokanonikÏ ja prËpei na
or–svoume Ëna esvwterikÏ ginÏmeno svto q∏ro twn l‘svewn thc Jewro‘me
loipÏn to parakàtw esvwterikÏ ginÏmeno pànw sve m–a kajorisvmËnhc qronik†c svtig-
m†c Uperepifàneia St
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lÏgoc pou epilËqjhke autÏ to esvwterikÏ ginÏmeno e–nai epeid† e–nai anexàrthto
thc uperepifàneiac Stpou kal‘ptei Ënan Ïgko
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n efarmÏsvoume t∏ra to esvwterikÏ ginÏmeno sve d‘o ep–peda k‘mata ta opo–a
Ëqoun diaforetikà kumatodian‘svmata
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TÏte mpore– e‘kola na dei kane–c Ïti apÏ tic svqËsveic prok‘ptei
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a svhmei∏svoume ed∏ Ïti kalÏ ja †tan na perior–svoume to q∏ro svton opo–o zei
to ped–o mËsva sve Ëna kout– Ïgkou AutÏ ja prËpei na to kànoume gia na apof‘-
goume orisvmËnouc anepij‘mhtouc apeirisvmo‘c pou ja proËkuptan diaforetikà
svthn Qamiltonian† mac Epibàllontac periodikËc svunoriakËc svunj†kec oi opo–ec
perior–zoun to sve diàkrith akolouj–a tim∏n k = 2⇡n

L me n = 0,±1,±2 . . . kai
to m†koc tou koutio‘ svth m–a diàsvtasvh gia to ped–o f prok‘ptei
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âkfk + â†kf
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Ïpou t∏ra telikà ja Ëqoume gia touc TrÏpouc talàntwsvhc

f (xµ) =
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µx
µ

(2!k )
1
2

Ïpou

f (xµ) onomàzontai Jetiko– TrÏpoi talàntwsvhc

f⇤ (xµ) onomàzontai Arnhtiko– TrÏpoi talàntwsvhc

Sth svunËqeia ja epiqeir†svoume na bro‘me tic svqËsveic metàjesvhc pou ikanopoio‘n
oi telesvtËc âk kai â

†
k Gia thn akr–beia ja de–xoume Ïti eàn oi telesvtËc au-

to– ikanopoio‘n tic gnwsvtËc svqËsveic metàjesvhc twn telesvt∏n dhmiourg–ac kai
katasvtrof†c tou kbantiko‘ A A T tÏte isvq‘oun oi svqËsveic metàjesvhc

Dhlad†
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⇤
k

⌘

d3k

[' (�!r ) ,' (�!r 0)] =
h´ ⇣
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BlËpoume loipÏn Ïti gia na ikanopoio‘ntai oi svqËsveic metàjesvhc pou e–qame
apait†svei svthn kbantik† jewr–a ped–ou oi telesvtËc âk kai â

†
k ja prËpei na ikanopoio‘n



tic svqËsveic metàjesvhc twn telesvt∏n katasvtrof†c kai dhmiourg–ac tou kban-
tiko‘ A A T Mporo‘me loipÏn na akolouj†svoume kai ed∏ thn –dia diadikasv–a pou
akolouj†svame kai svton kbantikÏ armonikÏ talantwt† Na or–svoume m–a katàsv-
tasvh thn katàsvtasvh tou keno‘ |0i gia thn opo–a isvq‘ei to ex†c

âk |0i = 0 8k

'Otan dràsvoun pànw thc dhlad† Ïloi oi telesvtËc katasvtrof†c âk mac d–noun
mhdËn Profan∏c Ïtan dràsvei pànw svthn katàsvtasvh aut† o telesvt†c dhmiourg–ac
â†k tÏte pa–rnoume m–a kbantik† katàsvtasvh h opo–a qarakthr–zetai apÏ thn orm†
Se aut† thn per–ptwsvh lËme Ïti Ëqoume Ëna svwmàtio me orm† àn dràsvei o â†k
forËc tÏte prok‘ptoun svwmàtia me orm† kai isvq‘ei Ïpwc de–xame kai svton
k A A T
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Ëbaia svthn katàsvtasvh |0i mporo‘n na dràsvoun tautÏqrona perisvsvÏteroi tou
enÏc telesvtËc dhmiourg–ac me diaforetikà telik† katàsvtasvh ja apotele–tai
svunolikà apÏ arijmÏ svwmatid–wn pou ja e–nai –svoc me to pÏsvec forËc Ëqoun dràsvei
svunolikà oi telesvtËc dhmiourg–ac To kàje svwmàtio ja Ëqei orm† pou kajor–zetai
apÏ ton ant–svtoiqo telesvt† dhmiourg–ac H katàsvtasvh dhlad† me ni diegËrsveic twn
diaforetik∏n ki ja e–nai
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'Opwc e–pame eàn sve aut† thn katàsvtasvh dràsvei e–te Ënac telesvt†c katasvtrof†c
e–te Ënac dhmiourg–ac ja allàxoun oi arijmo– diËgersvhc Dhlad†
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Ep–svhc ja or–svoume kai ed∏ ton telesvt† ar–jmhsvhc

N̂k = â†kâk

opo–oc mac de–qnei ton arijmÏ twn svwmatid–wn pou upàrqoun sve m–a kbantik†
katàsvtasvh me orm† svq‘ei dhlad†
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i kbantikËc katasvtàsveic oi opo–ec e–nai idiokatasvtàsveic tou telesvt† ar–jmhsvhc
kai de–qnoun ton arijmÏ twn svwmatid–wn pou upàrqoun allà kai ti orm† Ëqoun
svqhmat–zoun m–a bàsvh svto q∏ro gnwsvt† wc bàsvh

Se autÏ to svhme–o ja prËpei na anafËroume to ex†c

O prosvektikÏc anagn∏svthc ja Ëqei †dh parathr†svei Ïti oi upologisvmo– pou
pragmatopoi†svame kai h perigraf† tou bajmwto‘ mac ped–ou f me th bo†jeia twn
Jetik∏n kai Arnhtik∏n TrÏpwn talàntwsvhc DEN e–nai anexàrthth tou svusvt†-
matoc anaforàc AutÏ fa–netai diÏti to kumatodiànusvma

�!
k h gwniak† svuqnÏthta

w h jËsvh �!r kai o qrÏnoc apÏ ta opo–a exartàtai to anàptugma tou ped–ou al-
làzoun sv‘mfwna me touc metasvqhmatisvmo‘c svto qwrÏqrono
Ïtan phga–noume apÏ Ëna sv‘svthma anaforàc sve Ëna àllo pou kine–tai me taq‘thta
�!u wc proc to pr∏to To er∏thma pou t–jetai Ïmwc t∏ra e–nai to ex†c

O orisvmÏc pou d∏svame gia to kenÏ e–nai Ïti Ïloi oi telesvtËc katasvtrof†c âk Ïtan
dràsvoun sve autÏ mac d–noun mhdËn E–nai fanerÏ Ïmwc Ïti oi telesvtËc katasvtrof†c
exart∏ntai apÏ thn epilog† tou svusvt†matoc svuntetagmËnwn diÏti diaforetikÏ
sv‘svthma svhma–nei diaforetikÏ anàptugma tou ped–ou f epomËnwc t–pota den mac
exasvfal–zei Ïti oi svuntelesvtËc twn Jetik∏n TrÏpwn talàntwsvhc ja parame–noun
oi –dioi

Paràdeigma

'Esvtw Ïti epilËgoume Ëna sv‘svthma anaforàc me idioqrÏno t TÏte oi Jetiko–
TrÏpoi talàntwsvhc ja e–nai oi
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àn dialËxoume Ëna àllo sv‘svthma anaforàc me idioqrÏno t0 ja Ëqei Jetiko‘c
TrÏpouc touc ex†c
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Profan∏c to fk mpore– na grafe– wc grammikÏc svundiasvmÏc twn trÏpwn talàn-
twsvhc tou svusvt†matoc {�!r 0, t0} miac kai oi teleuta–oi apotelo‘n orjokanonik†
bàsvh Etsvi ja isvq‘ei

fk =
X

k0
Ck0f 0

k0 +Dk0f⇤0
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Se per–ptwsvh t∏ra pou gia kàpoio k0isvq‘ei Ïti Dk0 6= 0 tÏte autÏ svhma–nei
Ïti svto nËo sv‘svthma anaforàc oi svuntelesvtËc âk plËon e–nai svuntelesvtËc Ïqi
mÏno Jetik∏n allà kai Arnhtik∏n trÏpwn talàntwsvhc 'Ara orisvmËnoi apÏ touc
telesvtËc âk Ïloi ek twn opo–wn †tan telesvtËc katasvtrof†c svto sv‘svthma {�!r , t}



ja fa–nontai svto de‘tero sv‘svthma wc telesvtËc dhmiourg–ac EpomËnwc o orisvmÏc
pou d∏svame gia to kenÏ svqËsvh den ja isvq‘ei svto de‘tero sv‘svthma
{�!r 0, t0} diÏti eke– Ïpwc e–pame kàpoioi âk ja e–nai telesvtËc dhmiourg–ac Dhlad†
âk |0i 6= 0 'Ara to kenÏ den ja e–nai to –dio kai gia touc d‘o parathrhtËc

Ja apode–xoume Ïmwc t∏ra Ïti svto qwrÏqrono to kenÏ e–nai monadikÏ
gia Ïlouc touc ADRANEIAKOUS parathrhtËc
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EpomËnwc gia thn paràgwgÏ touc wc proc to qrÏno ja isvq‘ei
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Asvfal∏c h svqËsvh isvq‘ei gia kàje sv‘svthma anaforàc kai e–nai qarak-
thrisvtikÏ twn TrÏpwn Jetik†c talàntwsvhc apl∏c to kai to w anafËrontai svto
pwc ta blËpei to kàje sv‘svthma

S‘mfwna me touc metasvqhmatisvmo‘c Ëqoume
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svto sv‘svthma
{�!r 0, t0}

Ac do‘me t∏ra poia ja e–nai h qronik† touc paràgwgoc svto sv‘svthma {�!r , t}
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BlËpoume dhlad† Ïti to @f 0
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@t svumperifËretai svan thn qronik† paràgwgo enÏc

Jetiko‘ TrÏpou talàntwsvhc svqËsvh svto sv‘svthma anaforàc {�!r , t} .



'Ara oi Jetiko– TrÏpoi tou enÏc svusvt†matoc paramËnoun Jetiko– TrÏpoi kai
svto nËo sv‘svthma anaforàc To gegonÏc autÏ e–nai pol‘ svhmantikÏ diÏti svhma–nei
Ïti to kenÏ paramËnei anallo–wto kàtw apÏ metasvqhmatisvmo‘c kai e–nai
monadikÏ 'H diaforetikà ja mporo‘svame na po‘me Ïti d‘o adraneiako– parathrhtËc
svumfwno‘n wc proc ton arijmÏ svwmatid–wn pou blËpoun Aplà blËpoun ta svwmà-
tia autà na Ëqoun diaforetikËc enËrgeiec

Kbantik† Jewr–a Ped–ou sve KampulwmËno
QwrÏqrono

Ja prosvpaj†svoume t∏ra na genike‘svoume thn kbantik† jewr–a ped–ou sve opoiond†pote
qwrÏqrono o opo–oc qarakthr–zetai apÏ th metrik† gab Ja xekin†svoume me th
Lagkranzian†
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Ïpou e–nai h or–zousva tou metriko‘ tanusvt† gab e–nai h bajmwt† kampulÏthta
kai ra e–nai h svunallo–wth paràgwgoc h opo–a antikatËsvthsve thn apl†

paràgwgo thc svqËsvhc O lÏgoc pou bàlame svthn Lagkranzian† ton
Ïro

p
�g e–nai exait–ac tou gegonÏtoc Ïti o q∏roc mac e–nai kampulwmËnoc Sthn

pragmatikÏthta kai svth svqËsvh upàrqei aplà h or–zousva tou metriko‘
tanusvt† isvo‘tai me monàda Mporo‘me na dialËxoume gia thn svtajerà
x thn tim† mhdËn

Gia thn kbàntwsvh Ïpwc kai prohgoumËnwc jewro‘me Ïti
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kai jewro‘me ep–svhc tic gnwsvtËc svqËsveic metàjesvhc
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Gia ⇠ = 0 pou epilËxame h ex–svwsvh thc k–nhsvhc e–nai h ex†c



gabrarb'+m2' = 0

Kai ed∏ ja or–svoume Ëna esvwterikÏ ginÏmeno to opo–o upolog–zetai pànw sve m–a
uperepifàneia S me metrik† �abkai kàjeto diànusvma sve aut† to nµ
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To esvwterikÏ autÏ ginÏmeno e–nai kai ed∏ anexàrthto thc epifàneiac S
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Sqetikà me to ped–o f t∏ra Ïpwc kai svto qwrÏqrono mporo‘me kai
ed∏ na jewr†svoume Ïti gràfetai wc anàptugma Jetik∏n kai Arnhtik∏n TrÏpwn
talàntwsvhc
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Ïpou ta fi kai f⇤
i e–nai oi Jetiko– kai Arnhtiko– TrÏpoi kai ikanopoio‘n tic

svqËsveic
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Dhlad† ta {fi, f⇤
i } apotelo‘n Ëna orjokanonikÏ sv‘nolo bàsvhc Apodeikn‘etai kai

pàli Ïti gia na isvq‘oun oi svqËsveic metàjesvhc ja prËpei oi telesvtËc
âi kai â

†
i na ikanopoio‘n tic svqËsveic metàjesvhc twn telesvt∏n katasvtrof†c kai

dhmiourg–ac tou k A A T H apÏdeixh e–nai akrib∏c –dia me aut† pou Ëgine svthn
prohgo‘menh enÏthta svton ep–pedo qwrÏqrono

ParÏlautà upàrqei m–a diaforà me prin Sto qwrÏqrono M kai kàtw apÏ
metasvqhmatisvmo‘c de–xame Ïti oi Jetiko– TrÏpoi talàntwsvhc paramËnoun
Jetiko– kai oi Arnhtiko– to –dio EpomËnwc Ïloi oi parathrhtËc ja blËpoun to
–dio kenÏ † alli∏c ton –dio arijmÏ svwmatid–wn T∏ra Ïmwc pou brisvkÏmasvte sve
Ëna genikÏ kamp‘lo qwrÏqrono den upàrqei kàti pou na mac upagore‘ei Ïti eàn
epiqeir†svoume na anapt‘xoume to ped–o f sve svqËsvh me Ënan àllo parathrht† kai
oi d‘o ja blËpoun tic –diec jetikËc kai tic –diec arnhtikËc svuqnÏthtec

Anapt‘svsvoume loipÏn to f sve sv‘nolo Jetik∏n kai Arnhtik∏n TrÏpwn sve kàpoio
àllo sv‘svthma anaforàc

'Etsvi ja Ëqoume
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Apaito‘me kai ed∏ na isvq‘ei
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Profan∏c gia touc telesvtËc b̂i kai b̂
†
i ja isvq‘oun oi svqËsveic metàjesvhc twn

telesvt∏n katasvtrof†c kai dhmiourg–ac

Kai gia touc d‘o parathrhtËc or–zetai m–a katàsvtasvh keno‘ svthn opo–a Ïloi oi
telesvtËc katasvtrof†c tou kajenÏc ja thn mhden–zoun Dhlad†

âi |0ia = 0 8i

b̂i |0ib = 0 8i

WsvtÏsvo den xËroume eàn isvq‘ei



âi |0ib = 0 8i

b̂i |0ia = 0 8i

àn dhlad† oi d‘o parathrhtËc Ëqoun to –dio kbantikÏ kenÏ

Or–zoume kai gia touc d‘o touc telesvtËc ar–jmhsvhc gia thn katàsvtasvh

N̂ia = â†i âi

kai

N̂ib = b̂†i b̂i

AutÏ pou jËloume na bro‘me e–nai ton mËsvo arijmÏ svwmatid–wn pou blËpei o
parathrht†c svthn kbantik† katàsvtasvh |0ia gia thn katàsvtasvh PrËpei na up-
olog–svoume dhlad† to

D

0
�

�

�aN̂ib

�

�

�

0
E

a
=
D

0
�

�

�ab̂
†
i b̂i

�

�

�

0
E

a

Ta {hi, h
⇤
i } apotelo‘n orjokanonik† bàsvh àra mporo‘me na perigràyoume touc

TrÏpouc talàntwsvhc fi wc proc autà Ja Ëqoume dhlad†

fi =
X

j

Aijhj +Bijh
⇤
j

Ant–svtoiqa gia ta hi ja Ëqoume

hi =
X

j

A0
ijfj +B0

ijf
⇤
j

Ïpou

A = A† B = BT

Oi svuntelesvtËc Aij kai Bij onomàzontai svuntelesvtËc



ApÏdeixh

hfi, hji = Aij = hhj , fi, i⇤ = A0⇤
ji ) A = A†

⌦

fi, h
⇤
j

↵

= �Bij =
⌦

h⇤
j , fi

↵⇤
=
�

B0⇤
ji

�⇤ ) B = BT

pÏ thn svqËsvh Ëqoume Ïti

hfi, fki = �ik )
*

X

j

Aijhj +Bijh
⇤
j ,
X

l

Aklhl +Bklh
⇤
l

+

=

X

j

X

l

�

AijAkl hhj , hli+AijBkl hhj , h
⇤
l i+BijAkl

⌦

h⇤
j , hl

↵

+BijBkl

⌦

h⇤
j , h

⇤
l

↵�

=

X

j

X

l

(AijAkl�jl �BijBkl�jl) =
X

j

X

l

(AijAkl �BijBkl) �jl )

�

AA† �BB†�
ik

= �ik

svqËsvh ja mac fane– qr†svimh svthn apÏdeixh thc aktinobol–ac
svth svunËqeia

Ac episvtrËyoume t∏ra svton upologisvmÏ thc svqËsvhc

Gia na to kànoume autÏ ja prËpei na bro‘me th svqËsvh metax‘ twn telesvt∏n
n

b̂i, b̂
†
i

o

kai
n

âi, â
†
i

o

'Eqoume Ïti

b̂i = h', hii =
*

X

k

âkfk + â†kf
⇤
k ,
X

j

A⇤
jifj �Bjif

⇤
j

+

=

X

kj

⌦

âkfk, A
⇤
jifj

↵

+
⌦

âkfk,�Bjif
⇤
j

↵

+
D

â†kf
⇤
k , A

⇤
jifj

E

+
D

â†kf
⇤
k ,�Bjif

⇤
j

E

=

X

kj

âkAji�kj + â†kB
⇤
ji�kj )

b̂i =
X

k

âkAki + â†kB
⇤
ki



pomËnwc gia to b̂†i prok‘ptei

b̂†i =
X

k

âkBki + â†k
⇤
ki

'Ara

D

0
�

�

�ab̂
†
i b̂i

�

�

�

0
E

a
=

*

0

�

�

�

�

�

a

 

X

k

âkBki + â†k
⇤
ki

! 

X

l

âlAli + â†lB
⇤
li

!

�

�

�

�

�

0

+

a

=

X

kl

D

0
�

�

�aâkBkiâ
†
lB

⇤
li

�

�

�

0
E

a
=
X

kl

D

0
�

�

�aBki

⇣

â†l âk + �lk

⌘

B⇤
li

�

�

�

0
E

a

X

kl

h0 |aBki�lkB
⇤
li| 0ia =

X

k

h0 |aBkiB
⇤
ki| 0ia =

X

k

BkiB
⇤
ki )

D

0
�

�

�ab̂
†
i b̂i

�

�

�

0
E

a
=
�

B†B
�

ii

H svqËsvh mac de–qnei kàti pol‘ endiafËron Eàn kàpoioc apÏ touc svunte-
lesvtËc Bki e–nai diàforoc tou mhdenÏc tÏte o parathrht†c B ja blËpei svwmat–dia
svto kenÏ tou parathrht† A svthn katàsvtasvh O svunolikÏc arijmÏc svwmatid–wn
pou ja blËpei o B ja e–nai

tr
�

B†B
�

EpomËnwc gia na e–nai h kbantik† katàsvtasvh |0ia kenÏ kai gia touc d‘o parathrhtËc
ja prËpei o p–nakac B na e–nai mhdenikÏc Dhlad† den ja prËpei na Ëqoume anàmeixh
Jetik∏n kai Arnhtik∏n TrÏpwn svta anapt‘gmata twn TrÏpwn

33



Kefàlaio 3

Aktinobol–a

ApÏdeixh Aktinobol–ac

Me Ïlh th douleià pou kàname mËqri t∏ra e–masvte plËon sve jËsvh na mporËsvoume
na katano†svoume kai na parousviàsvoume m–a aplousvteumËnh ekdoq† thc apÏdeixhc
pou pragmatopo–hsve o gia thn aktinobol–a twn melan∏n op∏n

Sthn per–ptwsvh loipÏn aut† o qwrÏqronoc mpore– na qwrisvte– sve treic perioqËc

Perioq† I MakrinÏ pareljÏn pol‘ prin svqhmatisvte– h ma‘rh tr‘pa H pe-
rioq† aut† ja e–nai ep–pedh

Perioq† II Q∏roc g‘rw apÏ th melan† op† afo‘ aut† Ëqei svqhmatisvte– O
qwrÏqronoc eke– ja e–nai kampulwmËnoc

Perioq† III Pol‘ makrià apÏ th ma‘rh tr‘pa sve qrÏno arketà metagenËsvtero
thc barutik†c katàrreusvhc O qwrÏqronoc eke– jewre–tai ep–pedoc kaj∏c h
ep–drasvh thc bar‘thtac e–nai amelhtËa

Eàn t∏ra Ëqoume Ëna jetikÏ trÏpo talàntwsvhc svthn pr∏th perioq† o trÏpoc
autÏc Ïtan ja ftàsvei svthn tr–th perioq† den e–nai apara–thto na exakolouje– kai
eke– na e–nai mÏno jetikÏc Kai autÏ diÏti katà th diadrom† tou Ëqei peràsvei mËsva
apÏ thn Perioq† II pou o qwrÏqronoc e–nai kampulwmËnoc 'Ena aplÏ paràdeigma
gia na katalàbei kàpoioc to pwc h kampulwmËnh perioq† mpore– Ëna jetikÏ
trÏpo na ton metatrËyei sve àjroisvma tÏsvo jetik∏n Ïsvo kai arnhtik∏n e–nai to
ex†c

Ja mporo‘svame na fantasvto‘me Ïti h arqik† kbantik† katàsvtasvh h opo–a br–svke-
tai svton ep–pedo qwrÏqrono thc Perioq†c I Ïtan peràsvei apÏ thn Perioq† II e–nai
svan na efarmÏzetai svto sv‘svthmà mac Ëna kaino‘rio dunamikÏ dunamikÏ autÏ
Ïpwc gnwr–zoume apÏ th jewr–a diataraq∏n svthn kbantomhqanik† ja allàxei



thn arqik† mac kbantik† katàsvtasvh sve m–a nËa Se merikËc peript∏sveic h allag†
mpore– na e–nai tËtoia ∏svte Ënac jetikÏc trÏpoc talàntwsvhc svthn tr–th perioq†
na fa–netai wc m–xh jetik∏n kai arnhtik∏n Ja mporo‘sve loipÏn na ermhne‘svei
kane–c Ïti to barutikÏ ped–o thc Perioq†c II prokàlesve th dhmiourg–a orisvmËnwn
svwmatid–wn tou bajmwto‘ mac ped–ou

Gia lÏgouc aplÏthtac ja jewr†svoume Ïti h barutik† katàrreusvh e–nai svfairikà
svummetrik† kai h melan† op† pou ja svqhmatisvte– den Ëqei fort–o 'Etsvi o q∏roc
Ëxw apÏ to sv∏ma pou katarrËei ja perigràfetai apÏ th metrik†

melËth mac ja g–nei svto diàgramma eke– Ïpou Ëqoun g–nei svugkekrimËnoi
metasvqhmatisvmo– me th bo†jeia twn opo–wn to àpeiro apeikon–zetai grafikà Oi
euje–ec pou svqhmat–zoun±45 gwn–a e–nai fwtoeide–c gewdaisviakËc Gia touc àxonec
U kai V isvq‘oun oi ex†c metasvqhmatisvmo–

U = �e
�u

4M

V = e
v

4M

Ïpou u kai v e–nai h kajusvterhmËnh kai prohgmËnh qronik† svuntetagmËnh ant–sv-
toiqa

H+ : e–nai o or–zontac gegonÏtwn entÏc tou opo–ou kamm–a kosvmik† gramm†
den mpore– na ftàsvei to qwrikÏ àpeiro

=+ :Sthn perioq† aut† Ëqoume r ! 1 kai t ! 1

=� : Sthn perioq† aut† Ëqoume r ! 1 kai t ! �1

i
0

Ëqoume peperasvmËno t kai r ! 1

UpojËtoume Ïti o anagn∏svthc diajËtei svtoiqei∏deic gn∏sveic pànw sve diagràmmata
epomËnwc den ja ta svqoliàsvoume perisvsvÏtero

Jewro‘me t∏ra Ëna bajmwtÏ ped–o f qwr–c màza To ped–o autÏ ja ikanopoie– thn
ex–svwsvh

gabrarb' =

S‘mfwna me autà pou anafËrame prin mporo‘me na gràyoume to f wc àjroisvma
jetik∏n kai arnhtik∏n trÏpwn talàntwsvhc Oi exerqÏmenoi jetiko– trÏpoi svto
=+ ja e–nai thc morf†c

f! ⇠ e�i!u

AutÏ e–nai kàti pou mpore– na to dei kane–c diÏti svto =+ to r ! 1 opÏte



lim
r!1

u = lim
r!1

t� r⇤ = t� lim
r!1

r⇤ = t� r

fÏsvon

r⇤ = r + 2M ln

�

�

�

�

r � 2M

2M

�

�

�

�

) r⇤

r
= 1 +

2M ln
�

�

r�2M
2M

�

�

r
)

lim
r!1

r⇤

r
= lim

r!1

 

1 +
2M ln r�2M

2M

r

!

= 1 )

r⇤ = r gia r ! 1

lËpoume dhlad† Ïti svto r ! 1 to e�i!u g–netai e�i!(t�r) pou profan∏c e–nai
jetikÏc trÏpoc talàntwsvhc Epeid† to ped–o f e–nai àmazo to isvo‘tai me to
w Kai to gegonÏc Ïti qarakthr–svame to e�i!u exerqÏmeno trÏpo isvq‘ei diÏti eàn
diathr†svoume svtajer† th fàsvh w àn auxànetai o qrÏnoc t tÏte ja prËpei na
auxànetai kai to (u = t� r⇤ ) t� r⇤ = svtajerÏ )

Jewro‘me t∏ra Ïti svto =+Ëqoume Ënan jetikÏ trÏpo talàntwsvhc f! ⇠ e�i!u.
AutÏ pou jËloume na kànoume e–nai na entop–svoume to f! p–svw svto qrÏno kai
na do‘me ti morf† Ëqei svto =� Kànoume epiplËon thn upÏjesvh Ïti to f! Ëftasve
svto =+ † ja ftàsvei sve qrÏno pou te–nei svto àpeiro AutÏ svhma–nei Ïti o jetikÏc
trÏpoc kaj∏c apomakr‘netai apÏ th melan† op† sve mikro‘c qrÏnouc afo‘ h
teleuta–a dhmiourg†jhke br–svketai pol‘ kontà svton or–zonta H+ M–a epiplËon
upÏjesv† mac e–nai Ïti to f!kaj∏c kine–tai p–svw svto qrÏno diadikasv–a pou kànoume
eme–c Ïpwc e–pame gia na bro‘me th morf† tou svto =� h k–nhsv† tou aut† mpore–
na prosveggisvte– apÏ mejÏdouc gewmetrik†c optik†c Na jewr†svoume dhlad† Ïti
to f! akolouje– m–a fwtoeid† gramm† g efÏsvon to ped–o f e–nai àmazo h opo–a
Ëqei svtajer† fàsvh !u Th jËsvh thc gramm†c g mporo‘me na thn prosvdior–svoume
d–nontac thn afinik† thc apÏsvtasvh apÏ ton or–zonta H+ katà m†koc m–ac eisverqÏ-
menhc fwtoeido‘c gewdaisviak†c Kontà svton or–zonta h afinik† paràmetroc thc
eisverqÏmenhc aut†c gewdaisviak†c e–nai to fÏsvon sv‘mfwna me thn pr∏th up-
Ïjesv† mac to f! e–nai pol‘ kontà svton or–zonta ja Ëqoume U = �" Ïpou e
pol‘ mikrÏ E‘kola mpore– na dei kane–c t∏ra Ïti h de‘terh upÏjesv† mac gia thn
prosvËggisvh thc gewmetrik†c optik†c mpore– na prok‘yei apÏ thn pr∏th Kai autÏ
diÏti

U = �") �e
�u

4M = �") � u

4M
= ln ")

u = �4M ln "

Gia "! 0 gia th fàsvh F w tou f! Ëqoume



dF = !du = �4M
d"

"
)

dF! 1

ApÏ th svqËsvh blËpoume Ïti gia " ! 0 h diaforà fàsvhc metax‘ d‘o
geitonik∏n perioq∏n (d")te–nei svto àpeiro Gnwr–zoume Ïti eàn d‘o geitonikà svh-
me–a Ëqoun teràsvtia diaforà fàsvhc autÏ svhma–nei Ïti upàrqoun pàra pollà m†kh
k‘matoc metax‘ touc † alli∏c h svuqnÏthta talàntwsvhc tou trÏpou g–netai pol‘
megàlh Kai fusvikà aut† h megàlh svuqnÏthta e–nai pou dikaiologe– thn prosvËg-
gisvh thc gewmetrik†c optik†c pou qrhsvimopoio‘me Kaj∏c t∏ra to f! kine–tai p–svw
svto qrÏno Ïtan ftàsvei svto r = 0 ja anaklasvte– svto diàgramma svthn prag-
matikÏthta den upàrqei kàpoia anàklasvh aplà o TrÏpoc pernà apÏ to kËntro thc
katarrËousvac màzac kai svth svunËqeia ja akolouj†svei m–a fwtoeid† gramm† kà-
jeth me thn prohgo‘menh H teleuta–a ja svunant†svei to =� kai ja qarakthr–zetai
apÏ afinik† apÏsvtasvh e apÏ ton pareljontikÏ or–zonta katà m†koc t∏ra m–ac
exerqÏmenhc fwtoeid†c gewdaisviak†c svto =�.Sto =� h metrik† d–netai wc ex†c

ds2 = �dvdu+ r2dW2

Dhlad† Ëqoume qwrÏqrono H afinik† paràmetroc t∏ra ja e–nai h v.
'Ara efÏsvon h fàsvh tou f! e–nai svtajer† o teleuta–oc ja perigràfetai svto =�

apÏ thn ex†c svqËsvh

f! ⇠ ei!4M ln " )

f! ⇠ ei!4M ln(�v)

utÏ bËbaia gia v < 0 Gia v > 0 kàje eisverqÏmenh fwtoeid†c akt–na pou
proËrqetai apÏ to =� den ftànei potË svto =+ diÏti pernà mËsva apÏ ton or–zonta
H+ Dhlad† gia v = 0 e–nai o qrÏnoc svton opo–o dhmiourg†jhke h melan† op†
kai àra o or–zontac H+ EpomËnwc gia v > 0 f! = 0

f! (v) =

(

0 v > 0

ei!4M ln(�v) v < 0



Diàgramma barutik†c katàrreusvhc

AutÏ pou jËloume na kànoume t∏ra e–nai na perigràyoume to f! (v) wc grammikÏ
svunduasvmÏ eisverqÏmenwn jetik∏n kai arnhtik∏n trÏpwn talàntwsvhc svto =� pou
e–nai thc morf†c

e±i!0v

Dhlad†

f! (v) =
X

!0

A!!0e�i!0v +B!!0e+i!0v

Gia poio lÏgo h perigràfei eisverqÏmenouc arnhtiko‘c kai jetiko‘c trÏpouc
svto =� mpore– na to de– kane–c me thn –dia logik† pou exetàsvame touc jetiko‘c
trÏpouc e�i!u. svto =+ prohgoumËnwc

S‘mfwna t∏ra me touc metasvqhmatisvmo‘c oi svuntelesvtËcA!!0twn jetik∏n
trÏpwn talàntwsvhc e�i!0vsvto =� tou anapt‘gmatoc tou f! (v)wc proc touc
trÏpouc e±i!0v ja e–nai

A!!0 =
1

2⇡

r

!0

!

ˆ
0

�1
dvei!

0vei!4M ln(�v)

n∏ oi svuntelesvtËc twn arnhtik∏n trÏpwn e+i!0v svto =� e–nai



B!!0 =
1

2⇡

r

!0

!

ˆ
0

�1
dve�i!0vei!4M ln(�v)

JËtoume v = �v pÏte prok‘ptei

A!!0 =
1

2⇡

r

!0

!

ˆ 1

0

dve�i!0vei!4M ln v

B!!0 =
1

2⇡

r

!0

!

ˆ 1

0

dvei!
0vei!4M ln v

Oi svqËsveic kai e–nai panto‘ analutikËc svto migadikÏ ep–pedo
ektÏc apÏ ton arnhtikÏ pragmatikÏ hmiàxona diÏti o logàrijmoc g–netai arnhtikÏc

Isvq‘ei Ïti

˛
c

dvei!
0vei!4M ln v = 0

Ïpou h olokl†rwsvh g–netai pànw svthn kamp‘lh pou fa–netai svto parakàtw
svq†ma To olokl†rwma isvo‘tai me mhdËn kaj∏c entÏc thc kamp‘lhc
den upàrqoun an∏mala svhme–a



˛
c

dvei!
0vei!4M ln v =

ˆ 1

0

dve�i!0vei!4M ln v+lim
"!0

ˆ
0

�1
dve�i!0vei!4M ln(v+i")+

ˆ �⇡

0

d✓e�i!0Rei✓ei!4M ln(Rei✓) = 0

Ïpou R ! 1

olokl†rwma
´ �⇡

0

d✓e�i!0Rei✓ei!4M ln(Rei✓) e–nai –svo me mhdËn diÏti

e�i!0Rei✓ = e�i!0R cos ✓e�i!0Ri sin ✓ = e�i!0R cos ✓e!
0R sin ✓

Epeid† sin ✓ < 0 gia R ! 1 to e!
0R sin ✓ ! 0 'Ara svunolikà to olokl†rwma

autÏ mhden–zetai

EpomËnwc Ëqoume Ïti

ˆ 1

0

dve�i!0vei!4M ln v + lim
"!0

ˆ 1

0

dvei!
0vei!4M ln(�v�i") = 0

Ep–svhc isvq‘ei Ïti

lim
"!0

ln (�v � i") = lim
"!0

ln (�1) + ln (v + i") = �i⇡ + ln v

ApÏ tic svqËsveic prok‘ptei Ïti

|A!!0 | = e4⇡M! |B!!0 | )

Bij = �e�⇡!
i

4M Aij

BlËpoume dhlad† Ïti Ënac jetikÏc trÏpoc talàntwsvhc svto =+ antisvtoiqe– sve
àjroisvma jetik∏n kai arnhtik∏n trÏpwn talàntwsvhc svto =�.Oi svuntelesvtËc
A!!0kai B!!0 ja prËpei ep–svhc na ikanopoio‘n thn svqËsvh Ja Ëqoume
loipÏn

�

AA† �BB†�
ij
= �ij =

X

k

AikA
⇤
jk �BikB

⇤
jk =

⇣

e⇡(!i

+!
j

)4M � 1
⌘

X

k

BikB
⇤
jk

jËtontac i = jËqoume



�

BB†�
ii
=

1

e2⇡!i

4M � 1

AutÏ pou qreiazÏmasvte eme–c wsvtÏsvo e–nai oi ant–svtrofoi metasvqhmatisvmo–
diÏti jËloume na do‘me ti svumba–nei me Ënan jetikÏ trÏpo talàntwsvhc kenÏ

pou xekinà apÏ to =�. kai ftànei svth svunËqeia svto =+wc m–xh jetik∏n kai arn-
htik∏n trÏpwn svwmat–dia

'Eqoume Ïti B0 = �B en∏ o mËsvoc arijmÏc svwmatid–wn svthn katàsvtasvh svto
=+ e–nai

hNii=+ =
�

B0†B0�
ii
=
�

(�B⇤)
�

�BT
��

ii
=

�

B⇤BT
�

ii
=
�

BB⇤T �⇤
ii
=

�

BB†�⇤
ii
=

✓

1

e2⇡!i

4M � 1

◆⇤
=

1

e2⇡!i

4M � 1
)

hNii=+ =
1

e2⇡!i

4M � 1

svqËsvh Ëqei thn –dia morf† me thn katanom† gia thn aktinobol–a
mËlan sv∏matoc Prok‘ptei loipÏn Ïti h melan† op† aktinobole– svwmat–dia me
jermokrasv–a pou e–nai –svh me

TH =
~

8⇡M

En∏ gia to m†koc k‘matoc twn ekpempÏmenwn svwmatid–wn me th mËgisvth Ëntasvh
mpore– na deiqje– apÏ thn katanom† Ïti

� ⇠ M

Gia thn enËrgeia thc melan†c op†c isvq‘ei Ïti e–nai anàlogh thc màzac thc Epeid†
e–dame Ïti h aktinobol–a thc d–netai apÏ svqËsvh –dia me thn svqËsvh tou
mporo‘me na jewr†svoume Ïti o rujmÏc metabol†c thc enËrgeiac thc ma‘rhc tr‘pac
ja d–netai apÏ to nÏmo tou

'Ara ja Ëqoume

E ⇠ M

dE

dt
⇠ �AT 4

H



Ïpou A e–nai h epifàneia thc melan†c op†c kai isvq‘ei

A ⇠ M2

pÏ tic treic parapànw svqËsveic prok‘ptei Ïti

dM

dt
=

dE

dt
⇠ �AT 4

H ⇠ � ~
M2

)

dM

dt
⇠ � ~

M2

Dhlad† o rujmÏc metabol†c thc màzac thc ma‘rhc tr‘pac e–nai antisvtrÏfwc anàl-
ogoc tou tetrag∏nou thc màzac thc

SqÏlia gia thn Aktinobol–a

Perioq† dhmiourg–ac s�wmatid–wn

AutÏ pou katafËrame na de–xoume prohgoumËnwc e–nai to ex†c

'Enac jetikÏc trÏpoc talàntwsvhc pou taxide‘ei apÏ to =� proc to =+ en∏ pr∏ta
peràsvei apÏ ton kampulwmËno qwrÏqrono g‘rw apÏ mia melan† op† telikà mpore–
na katal†xei wc m–xh jetik∏n kai arnhtik∏n trÏpwn kai na Ëqoume thn ‘parxh
svwmatid–wn svto =+ WsvtÏsvo apÏ thn apÏdeixh thc aktinobol–ac pou
de–xame prin e–nai d‘svkolo na katalàbei kàpoioc pou paràgontai ta svwmat–dia

Parakàtw ja parousviàsvoume Ëna epiqe–rhma giat– paràgontai ze‘gh svwmatid–wn
Ëna entÏc kai Ëna ektÏc tou or–zonta gegonÏtwn

To gegonÏc Ïti paràgontai ze‘gh svwmatid–wn ja to de–xoume sve epÏmeno kefàlaio
analutikà Ja mporo‘svame parÏlautà na po‘me sve autÏ to svhme–o Ïti qreiazÏ-
masvte dhmiourg–a zeug∏n kai Ïqi mon∏n svwmatid–wn gia na isvq‘oun diàforec arqËc
diat†rhsvhc pq orm†c

Gia thn perioq† dhmiourg–ac t∏ra mporo‘me na svkefto‘me to ex†c

Mac e–nai †dh gnwsvtËc oi kbantikËc diakumànsveic tou keno‘ eke– Ïpou dhmiour-
go‘ntai ze‘gh svwmatid–wn antisvwmatid–wn Sth svunËqeia wsvtÏsvo allhloanairo‘n-
tai metax‘ touc diÏti h dhmiourg–a enÏc mÏnimou ze‘gouc svwmatid–wn ja parab–aze
thn arq† diat†rhsvhc thc enËrgeiac Kàje svwmat–dio antisvwmat–dio ja prËpei na
Ëqei jetik† enËrgeia ∏svte na upàrxei kai na mhn e–nai dunhtikÏ 'Omwc to kenÏ
Ëqei mhdenik† enËrgeia EpomËnwc gi autÏ de ja mporo‘sve na dhmiourghje– svto
kenÏ ze‘goc svwmatid–wn Sthn perioq† g‘rw apÏ ton or–zonta m–ac melan†c op†c
wsvtÏsvo ta pràgmata e–nai diaforetikà



Kai eke– dhmiourgo‘ntai lÏgw kbantik∏n diakumànsvewn ze‘gh svwmatid–wn antisvwmatid–wn Epeid†
h perioq† g‘rw apÏ ton or–zonta e–nai kenÏ ja prËpei lÏgw diat†rhsvhc enËrgeiac
Ëna ek twn d‘o e–te to svwmàtio e–te to antisvwmàtio na Ëqei arnhtik† enËrgeia Arnhtik†
enËrgeia Ïmwc svhma–nei Ïti e–nai dunhtikÏ kai den mpore– na upàrxei † na parathrhje–

'Esvtw ⇠ to diànusvma thc metrik†c

⇠ = (1, )

p kai p0oi tetraormËc tou svwmat–ou kai antisvwmat–ou ant–svtoiqa Gnwr–zoume Ïti
oi posvÏthtec ⇠apa kai ⇠ap0a e–nai diathro‘menec posvÏthtec Ac jewr†svoume Ëna
parathrht† A o opo–oc Ëqei taq‘thta ua paràllhlh me to diànusvma x ua =
⇠a Ïte oi posvÏthtec �⇠apa kai �⇠ap0a apotelo‘n tic enËrgeiec tou svwmat–ou
antisvwmat–ou gia ton parathrht† A Ja isvq‘ei sv‘mfwna me th diat†rhsvh thc
enËrgeiac Ïti

⇠apa + ⇠ap0a = 0

An t∏ra kai ta d‘o svwmàtia e–nai Ëxw apÏ ton or–zonta tÏte to Ëna apÏ ta d‘o ja
prËpei na Ëqei arnhtik† enËrgeia àra den g–netai na upàrxei Ïpwc e–pame Eàn Ïmwc
Ëna apÏ ta d‘o peràsvei mËsva apÏ ton or–zonta thc melan†c op†c Ësvtw pernà to
antisvwmàtio tÏte h posvÏthta �⇠ap0a entÏc tou or–zonta gegonÏtwn den mpore–
na apotele– thn enËrgeia tou antisvwmat–ou pou blËpei o parathrht†c A diÏti

o mËtro tou x e–nai

⇠a⇠a = �
✓

1� 2M

r

◆

opÏte ektÏc tou or–zonta to mËtro tou x e–nai arnhtikÏ àra to x e–nai qronoeidËc
en∏ entÏc tou or–zonta e–nai jetikÏ kai to x qwroeidËc WsvtÏsvo gnwr–zoume Ïti
den mpore– na upàrxei parathrht†c o opo–oc na Ëqei taq‘thta pou na Ëqei mËtro
jetikÏ AutÏ svhma–nei Ïti to x entÏc tou or–zonta den mpore– na e–nai h taq‘thta
kàpoiou parathrht† àra h posvÏthta �⇠ap0aden apotele– thn enËrgeia tou anti-
svwmat–ou 'Opwc anafËrame svto pr∏to kefàlaio entÏc tou or–zonta q∏roc kai
qrÏnoc allàzoun Ënnoiec opÏte h posvÏthta �⇠ap0a apotele– t∏ra thn qwrik†
orm† tou antisvwmat–ou proc thn kate‘junsvh x kai fusvikà h qwrik† orm† proc
m–a kate‘junsvh mpore– na e–nai arnhtik† 'Etsvi eàn Ëna svwmàtio tou ze‘gouc breje–
entÏc tou or–zonta tÏte h svqËsvh ja mpore– na isvq‘ei kai tautÏqrona na Ëqei
fusvikÏ nÏhma EpomËnwc ja mporo‘svame na po‘me Ïti efÏsvon paràgontai ze‘gh
svwmatid–wn anagkasvtikà Ëna apÏ autà ja prËpei na paràgetai entÏc tou or–zonta
giat– mÏno eke– apoktà fusvik† svhmasv–a kai e–nai parathr†svimo Sthn ousv–a bËbaia
autÏ pou parathre–tai e–nai h aktinobol–a svto àpeiro me tautÏqronh
me–wsvh thc enËrgeiac thc melan†c op†c



ParadoqËc

E–nai qr†svimo na anafËroume tic paradoqËc pou Ëkane o gia thn apÏdeixh
thc aktinobol–ac twn melan∏n op∏n AutÏ e–nai svhmantikÏ na to kànoume ∏svte na
xËroume sve poiec perioqËc e–nai axiÏpisvtoi oi upologisvmo– auto– kai ax–zei na
touc melet†svoume

Arqikà je∏rhsve Ïti h màza thc melan†c op†c paramËnei svtajer† H je∏rhsvh
aut† mpore– na g–nei dekt† gia pol‘ mikrËc metabolËc thc màzac wc proc
to qrÏno dM

dt ! 0 Ïte autÏ pou mpore– na kànei kane–c e–nai na jew-
re– sve kàje b†ma dhmiourg–ac svwmatid–wn th metrik† aplà
kàje forà na qrhsvimopoie– àllh tim† gia thn màza ApÏ th svqËsvh
blËpoume Ïti o rujmÏc metabol†c thc màzac e–nai antisvtrÏfwc anàlogoc tou
tetrag∏nou thc màzac 'Ara gia megàlh màza h prosvËggisvh e–nai ikanopoi-
htik† Sta telikà svtàdia Ïmwc pou h màza thc ma‘rhc tr‘pac mei∏netai pàra
pol‘ o lÏgoc dM

dt g–netai pol‘ megàloc kai den mporo‘me na xËroume ti
g–netai

Sthn apÏdeix† tou o kbàntwsve thn ‘lh qrhsvimopoi∏ntac paràllhla
th G J S gia thn perigraf† tou qwrÏqronou UpojËtoume Ïti h G J S
apotele– m–a arketà kal† prosvËggisvh miac kbantik†c jewr–ac bar‘thtac thn
opo–a den Ëqoume brei akÏmh sve perioq† qamhl∏n energei∏n † alli∏c sve
perioqËc me mikr† kampulÏthta svqedÏn ep–pedec To mËtro tou tanusvt†

pou mac d–nei thn tim† thc kampulÏthtac kontà svton or–zonta d–netai
apÏ th svqËsvh

R ⇠ 1

M2

Gia megàlh màza dhlad† h kampulÏthta e–nai arketà mikr† kai oi upologisvmo–
tou axiÏpisvtoi WsvtÏsvo kai pàli svta teleuta–a svtàdia thc exàtmisvhc miac
melan†c op†c h màza mikra–nei àra h kampulÏthta g–netai pol‘ megàlh kai tÏte
e–nai pol‘ pijanÏn oi epidràsveic thc kbantik†c bar‘thtac na mhn e–nai plËon amel-
htËec

44



Kefàlaio 4

Kbantik† plhrofor–a

Se autÏ to svhme–o ja qreiasvte– na kànoume m–a sv‘ntomh anaforà sve Ënnoiec
pou ja mac fano‘n apara–thtec gia thn akrib† diat‘pwsvh tou ParadÏxou thc
Plhrofor–ac

kai KbantikËc Katasvtàsveic

MËqri t∏ra svunhj–zame na perigràfoume thn kbantik† katàsvtasvh enÏc svusvt†ma-
toc me Ëna |Yi to opo–o apotele– Ëna diànusvma sve kàpoio q∏ro Thn
kbantik† aut† katàsvtasvh dhlad† thn katàsvtasvh h opo–a mpore– na perigrafe– apÏ
Ëna diànusvma sve kàpoio q∏ro ja thn onomàzoume lÏgoc pou to
kànoume autÏ e–nai diÏti jËloume na xeqwr–svoume thn teleuta–a apÏ m–a pio genik†
kbantik† katàsvtasvh h opo–a apotele– svtatisvtik† svullog† katasvtàsvewn Oi
kbantikËc autËc katasvtàsveic onomàzontai Gia na katalàboume th diaforà
twn d‘o aut∏n peript∏svewn ja d∏svoume to parakàtw paràdeigma

Paràdeigma

Esvtw Ïti Ëqoume m–a katàsvtasvh |Yi h opo–a apotele– upËrjesvh twn katasvtàsvewn
|Y

1

i |Y
2

i wc ex†c

|Yi = 1p
2
(|Y

1

i+ |Y
2

i)

AutÏ svhma–nei Ïti eàn kànoume m–a mËtrhsvh pànw svto sv‘svthma tÏte ja Ëqoume
50% pijanÏthta na metr†svoume |Y

1

i kai 50% pijanÏthta na metr†svoume |Y
2

i
WsvtÏsvo prin th mËtrhsvh e–nai làjoc na po‘me Ïti to sv‘svthma br–svketai e–te



svthn katàsvtasvh |Y
1

i e–te svthn |Y
2

ime pijanÏthta 50% H katàsvtasv† tou e–nai h
upËrjesvh aut∏n twn d‘o

Ja mporo‘svame t∏ra na brisvkÏmasvtan sve m–a àllh per–ptwsvh Na e–qame dhlad†
Ëna sv‘svthma to opo–o †dh br–svketai sve m–a katàsvtasvh |Y

1

i † |Y
2

i allà den
xËroume sve poia apÏ tic d‘o katasvtàsveic br–svketai Ac upojËsvoume Ïti Ëqei 50%
pijanÏthta na e–nai sve kàje m–a apÏ autËc H katàsvtasvh tou svusvt†matoc den
mpore– na perigrafe– apÏ Ëna mÏno allà apotele– svtatisvtik† svullog†
katasvtàsvewn H pijanÏthta 50% pou anafËroume ed∏ den Ëqei kamm–a
svqËsvh me thn kbantomhqanik† pijanÏthta allà ant–jeta Ëqei thn Ënnoia thc gn-
wsvt†c klasvsvik†c pijanÏthtac Arqikà fa–netai Ïti oi d‘o autËc peript∏sveic den
diafËroun diÏti eàn kàpoioc pàei na metr†svei kai ta d‘o svusvt†mata wc proc tic
idiÏthtec |Y

1

i kai |Y
2

i ja bgàlei akrib∏c ta –dia apotelËsvmata ParÏlautà oi
kbantikËc autËc katasvtàsveic e–nai tele–wc diaforetikËc kàti pou mpore– na fane–
wc ex†c

'Esvtw Ïti jËloume na metr†svoume ta d‘o svusvt†mata wc proc Ëna àllo mËgejoc
f gia to opo–o isvq‘ei

|Y
1

i = 1p
2
(|f

1

i+ |f
2

i)

|Y
2

i = 1p
2
(|f

1

i � |f
2

i)

TÏte gia thn katàsvtasvh ja Ëqoume

|Yi = 1p
2
(|Y

1

i+ |Y
2

i) )

|Yi = |f
1

i

An metr†svoume dhlad† to sv‘svthma ja Ëqoume 100% pijanÏthta na bro‘me |f
1

i

Gia thn katàsvtasvh ja Ëqoume

50% pijanÏthta na e–masvte svto |Y
1

i kai 50% pijanÏthta na e–masvte svto |Y
2

i

H pijanÏthta na e–masvte svto |Y
1

i kai na metr†svoume |f
1

i e–nai 50%⇤50% = 25%

Omo–wc h pijanÏthta na e–masvte svto |Y
2

i kai na metr†svoume |f
1

i e–nai 50% ⇤
50% = 25%

H svunolik† pijanÏthta na metr†svoume dhlad† |f
1

i svth katàsvtasvh e–nai to
àjroisvma twn d‘o prohgo‘menwn pijanot†twn Dhlad† 50% BlËpei t∏ra kane–c
th diaforà me thn katàsvtasvh Ïpou h pijanÏthta †tan 100%



Or–zoume ton parakàtw telesvt† me th bo†jeia tou opo–ou mporo‘me na perigrày-
oume m–a kbantik† katàsvtasvh

⇢̂ =
X

i

Pi |Yi ihYi|

Ïpou |Yiie–nai m–a katàsvtasvh svthn opo–a mpore– na breje– to sv‘svthmà mac
kai Pi e–nai h pijanÏthta me thn opo–a emfan–zetai to |Yii

EfÏsvon ta Pi e–nai pijanÏthtec e–nai profanËc Ïti ja isvq‘ei

Pi � 0

X

i

Pi = 1

Eàn jËloume na upolog–svoume ta svtoiqe–a tou p–naka ⇢mn ja
Ëqoume

⇢mn =
X

i

Pi hm| |Yi ihYi| |ni

Ïpou ta |ni |mi e–nai ta svtoiqe–a thc bàsvhc tou q∏rou svton opo–o brisvkÏ-
masvte

IDIOTHTES

⇢̂ e–nai jetikà orisvmËnoc h'| ⇢̂ |'i � 0 8' ✏H

ApÏdeixh

h'| ⇢̂ |'i =
P

i

Pi h'| |Yi ihYi| |'i =
P

i

Pi |h'| |Yii|2 � 0

⇢̂ e–nai ErmhtianÏc

ApÏdeixh

⇢̂† =

✓

P

i

Pi |Yi ihYi|
◆†

=
P

i

Pi |Yi ihYi| = ⇢̂

⇢̂ Ëqei –qnoc monàda



ApÏdeixh

Tr (⇢̂) = Tr

✓

P

i

Pi |Yi ihYi|
◆

=
P

in

Pi hn| |Yi ihYi| |ni =

P

i

Pi = 1

Tr
�

⇢̂2
�

 1

ApÏdeixh

Tr
�

⇢̂2
�

= Tr

 

P

ij

PiPj |Yi ihYi| |Yj ihYj |
!

=
P

i

P 2

i  1

Mpore– e‘kola na dei kàpoioc Ïti o orisvmÏc pou d∏svame svthn mpore– na
perigràyei kai m–a katàsvtasvh eàn Ïla ta Pi e–nai mhdËn ektÏc apÏ Ëna pou
isvo‘tai me monàda TÏte

⇢̂p = |Y ihY|

IDIOTHTES KATAS-
TASHS

⇢̂2p = ⇢̂p

ApÏdeixh

⇢̂2p = |Y ihY| |Y ihY| = |Y ihY| = ⇢̂p

Tr
�

⇢̂2p
�

= 1

pÏdeixh

Tr
�

⇢̂2p
�

=
P

i

P 2

i = 12 = 1

'Esvtw t∏ra A Ëna fusvikÏ mËgejoc H mËsvh tim† tou A sve m–a katàsvtasvh
d–netai apÏ th svqËsvh

hAi = hY| Â |Yi =
X

n

hY| |n ihn| Â |Yi =

X

n

hn| |Y ihY| Â |ni = Tr
⇣

|Y ihY| Â
⌘

)



hAi = Tr
⇣

⇢̂pÂ
⌘

n∏ gia th mËsvh tim† tou A gia m–a katàsvtasvh ja Ëqoume

Tr
⇣

⇢̂Â
⌘

= Tr

 

X

i

Pi |Yi ihYi| Â
!

=
X

ni

hn| |Yi ihYi| Â |ni =

X

i

Pi hYi|
X

n

|n ihn| Â |Yii =
X

i

Pi hYi| Â |Yii

ApÏ thn teleuta–a svqËsvh blËpoume Ïti svton upologisvmÏ thc mËsvhc tim†c tou A
pa–zoun rÏlo tÏsvo oi klasvsvikËc Ïsvo kai oi kbantomhqanik†c f‘svhc pijanÏthtec

'Esvtw t∏ra Ïti Ëqoume Ëna sv‘svthma A to opo–o Ëqei q∏ro Ha To sv‘svthma
autÏ ja apotele–tai apÏ d‘o uposvusvt†mata kai me q∏rouc Hbkai Hc

ant–svtoiqa Ja isvq‘ei Ïti

Ha = Hb ⌦Hc

|nib kai |nice–nai oi bàsveic twn q∏rwn Hb kai Hc

⇢̂ae–nai o tou svunoliko‘ svusvt†matoc

r–zoume touc ⇢̂b kai ⇢̂c oi opo–oi onomàzontai
wc ex†c

⇢̂b =
X

n

hn|c ⇢̂a |nic

⇢̂c =
X

n

hn|b ⇢̂a |nib

Dhlad† oi ⇢̂b kai ⇢̂c apotelo‘n tic probolËc tou ⇢̂a svti bàsveic twn q∏rwn Hckai
Hb ant–svtoiqa

'Esvtw t∏ra Ïti Ëqoume m–a kbantik† katàsvtasvh |Yi↵svto q∏ro Ha H |Yi↵
apotele–tai apÏ d‘o uposvusvt†mata B kai

r–zoume Ïti eàn oi ⇢̂b kai ⇢̂c pou upolog–zontai me
bàsvh tic svqËsveic kai perigràfoun katasvtàsveic tÏte ta svusvt†-
mata kai e–nai metax‘ touc Upàrqoun dhlad† metax‘ touc tËtoiec



allhlepidràsveic oi opo–ec den epitrËpoun tic kbantikËc katasvtàsveic tou kàje up-
osvusvt†matoc na perigrafo‘n anexàrthta

Sthn ant–jeth per–ptwsvh Ïpou ⇢̂b kai ⇢̂c perigràfoun katasvtàsveic tÏte h
katàsvtasvh tou kàje uposvusvt†matoc mpore– na perigrafe– me th bo†jeia enÏc
|Yib kai |Yic ant–svtoiqa Ta d‘o uposvusvt†mata den allhlepidro‘n metax‘ touc
kai Ëtsvi h svunolik† katàsvtasvh |Yi↵ gràfetai

|Yi↵ = |Yib ⌦ |Yic

Ac do‘me t∏ra d‘o parade–gmata pou ja mac bohj†svoun na katano†svoume ta
prohgo‘mena kal‘tera

Paràdeigma

'Esvtw Ïti Ëqoume thn katàsvtasvh

|Yi = 1p
2
(|0ib | ic + | ib | ic)

Ïpou |0ib | ib kai | ic | ic e–nai ta kàjeta kanonikopoihmËna dian‘svmata bàsvhc
twn q∏rwn Hbkai Hc ant–svtoiqa Ja upolog–svoume ton
⇢̂b

⇢̂b =
X

n

hn|c ⇢̂a |nic = h0|c |Y ihY| |0ic + h1|c |Y ihY| |1ic )

⇢̂b =
1

2
(| ibh |b + | ibh |b)

pÏ thn blËpoume Ïti o ⇢̂b perigràfei m–a katàsvtasvh àra ta up-
osvusvt†mata kai e–nai metax‘ touc 'Opwc e–pame prin autÏ svhma–nei
Ïti upàrqei allhlep–drasvh metax‘ twn d‘o svusvthmàtwn AutÏ mpore– na to dei
kane–c wc ex†c

An epiqeir†svei na metr†svei to sv‘svthma B kai brei thn katàsvtasvh |0ib tÏte
anagkasvtikà to sv‘svthma ja br–svketai svthn katàsvtasvh | ic Omo–wc eàn brei
gia to sv‘svthma B | ib tÏte to ja br–svketai anagkasvtikà svto | ic

Paràdeigma

Xekinàme t∏ra apÏ thn katàsvtasvh

|Yi = 1

2
(|0ib | ic + | ib | ic + | ib | ic + |0ib | ic)



me |0ib | ib kai | ic | ic ta kàjeta kanonikopoihmËna dian‘svmata bàsvhc twn
q∏rwn Hbkai Hc Ïpwc kai prin

⇢̂b =
X

n

hn|c ⇢̂a |nic = h0|c |Y ihY| |0ic + h1|c |Y ihY| |1ic )

⇢̂b =
1

4
(|0ib + | ib) (h |b + h |b) +

1

4
(| ib + |0ib) (h |b + h |b) )

⇢̂b =
1

2
(|0ib + | ib) (h |b + h |b) )

⇢̂b = |Y ibhY|b

Ïpou

|Yib =
1p
2
(|0ib + | ib)

BlËpoume Ïti sve ant–jesvh me prin to ⇢̂b perigràfei t∏ra katàsvtasvh epomËnwc
ta d‘o svusvt†mata den e–nai metax‘ touc kai den allhlepidro‘n H svuno-
lik† kbantik† katàsvtasvh |Yi mpore– na grafe– svan tanusvtikÏ ginÏmeno twn d‘o
katasvtàsvewn twn q∏rwn Hbkai Hc Dhlad†

|Yi = |Yib ⌦ |Yic

me

|Yic =
1p
2
(|0ic + | ic)

Entrop–a

Or–zoume to mËgejoc

S = �Tr (⇢̂ ln ⇢̂) = �
X

i

�i ln�i

Ïpou ⇢̂ e–nai o miac katàsvtasvhc kai �i e–nai oi idiotimËc tou teleu-
ta–ou Ja mporo‘svame na epektajo‘me kai na gràyoume arketà gia thn entrop–a
wsvtÏsvo ed∏ ja anaferjo‘me mÏno svtic idiÏthtËc thc pou mac e–nai qr†svimec gia
to Paràdoxo thc Plhrofor–ac



IDIOTHTES ENTROPIAS

Eàn o ⇢̂ perigràfei katàsvtasvh tÏte Ëqei m–a mÏno mh mhdenik† idiotim†
pou isvo‘tai me monàda kai idiodiànusvma thn –dia thn katàsvtasvh |Yi Kànontac
thn paradoq† Ïti

0 ln 0 = 0 tÏte gia katàsvtasvh h entrop–a e–nai mhdËn

S = �
P

i

�i ln�i = �1 ln 1 = 0

Eàn o ⇢̂ perigràfei katàsvtasvh tÏte S 6= 0 diÏti o ⇢̂ Ëqei mh mhdenikËc
idiotimËc �i mikrÏterec thc monàdac me idiodian‘svmata tic katasvtàsveic |Yii Isvq‘ei
Ïti

P

i

�i = 1

Shme–wsvh

BlËpoume loipÏn Ïti me th bo†jeia thc entrop–ac e–masvte sve jËsvh na do‘me eàn
d‘o svusvt†mata e–nai metax‘ touc Br–svkoume pr∏ta ton

tou enÏc svusvt†matoc kai upolog–zoume thn entrop–a tou Eàn h teleuta–a
e–nai diàforh tou mhdenÏc tÏte autÏ svhma–nei Ïti o peri-
gràfei katàsvtasvh kai sv‘mfwna me autà pou e–pame prohgoumËnwc Ëqoume

An ant–jeta tÏte Ëqoume katasvtàsveic kai Ïqi

c epibebai∏svoume t∏ra me th bo†jeia thc autÏ pou de–xame svto paràdeigma
'Oti ta svusvt†mata B kai thc katàsvtasvhc |Yi = 1p

2

(|0ib | ic + | ib | ic) e–nai
metax‘ touc

(4.3.6) ) ⇢̂b =
1

2
(| ibh |b + | ibh |b) =

1

2
(|Y i

1

hY|
1

+ |Y i
2

hY|
2

)

Oi idiotimËc tou ⇢̂b e–nai oi

�
1

=
1

2
,�

2

=
1

2

EfÏsvon

(⇢b)mn =

0

@

1

2

0
0 1

2

1

A

pomËnwc



Sb = �
X

i

�i ln�i = �1

2
ln

1

2
��1

2
ln

1

2
= � ln

1

2
)

Sb = ln 2 > 0

teleuta–a allà –svwc kai pio svhmantik† idiÏthta thc pou ja qrhsvi-
mopoi†svoume e–nai Ïti paramËnei svtajer† me to qrÏno eàn h qronik† exËlixh
tou svusvt†matoc g–netai me thn ep–drasvh enÏc monadia–ou telesvt† Û (t)

pÏdeixh

S‘mfwna me ton orisvmÏ thc h entrop–a exartàtai mÏno apÏ tic idiotimËc tou
O ⇢̂exel–svsvetai me to qrÏno wc ex†c

⇢̂ (t) =
X

i

Pi |Yi (t) ihYi (t)| =
X

i

PiÛ (t) |Yi (0) ihYi (0)| Û† (t) )

⇢̂ (t) = Û (t) ⇢̂ (0) Û† (t)

'Esvtw �ioi idiotimËc tou th qronik† svtigm† t = 0 oi
opo–ec apotelo‘n l‘sveic thc ex–svwsvhc

det (⇢ (0)� �I) = 0

'Eqoume Ïti

⇢ (t)� �I = U⇢ (0)U† � U�IU † =

U (⇢ (0)� �I)U† ) det (⇢ (t)� �I) = det
�

U (⇢ (0)� �I)U†� =

det (U) det (⇢ (0)� �I) det
�

U †� = det
�

UU†� det (⇢ (0)� �I) )

det (⇢ (t)� �I) = det (⇢ (0)� �I)

fÏsvon

U†U = I

H svqËsvh mac de–qnei to ex†c pol‘ svhmantikÏ apotËlesvma



Oi l‘sveic thc ex–svwsvhc det (⇢ (t)� �I) = 0 e–nai oi –diec me tic l‘sveic thc ex–svwsvhc
det (⇢ (0)� �I) = 0 'Ara oi idiotimËc �i mËnoun svtajerËc me thn exËlixh tou
qrÏnou Epeid† h entrop–a exartàtai mÏno apÏ tic idiotimËc autËc svhma–nei Ïti
h teleuta–a paramËnei svtajer† kaj∏c pernàei o qrÏnoc Dhlad† eàn Ëqoume m–a

katàsvtasvh me entrop–a mhdËn h opo–a exel–svsvetai qronikà me th bo†jeia
monadia–ou telesvt† tÏte aut† ja paramËnei mon–mwc kai den mpore– na g–nei

Omo–wc m–a katàsvtasvh ja paramËnei me thn –dia entrop–a

54



Kefàlaio 5

To Paràdoxo thc
Plhrofor–ac

Sthn tr–th enÏthta de–xame Ïti oi melanËc opËc aktinobolo‘n kai br†kame thn
parakàtw svqËsvh pou ekfràzei ton mËsvo arijmÏ twn svwmatid–wn pou parathro‘ntai
svto àpeiro

hNii=+ =
1

e2⇡!i

4M � 1

To axiosvhme–wto sve aut† th svqËsvh e–nai pwc h mÏnh metablht† h opo–a upàrqei gia
na diaforopoie– thn aktinobol–a e–nai h màza twn melan∏n op∏n Dhlad†
an dhmiourgo‘ntan d‘o melanËc opËc apÏ diaforetik† ‘lh pou Ëqoun Ïmwc thn
–dia màza Ïtan autËc ja exatm–zontan svto àpeiro ja e–qe svugkentrwje– h –dia
akrib∏c aktinobol–a Se pr∏th svkËyh to fainÏmeno autÏ mac de–qnei Ïti h plhro-
for–a † diaforetikà h ‘lh h opo–a apotelo‘sve m–a melan† op† qàjhke To mÏno
pou Ëqoume svth diàjesv† mac e–nai h aktinobol–a kai plËon den Ëqoume
th dunatÏthta na do‘me me kàpoio trÏpo apÏ ti apotelo‘ntan h melan† op† To
epiqe–rhma autÏ mac de–qnei Ïti telikà –svwc na prok‘ptei kàpoio paràdoxo me th
qr†svh thc aktinobol–ac

AutÏ pou ja epiqeir†svoume na kànoume svth svunËqeia e–nai na de–xoume pwc to
gegonÏc Ïti h aktinobol–a twn melan∏n op∏n exartàtai mÏno apÏ to qwrÏqrono
dhlad† th màza kai Ïqi apÏ àllec pijanËc kbantomhqanikËc idiÏthtec pou mpore–
na Ëqoun oi teleuta–ec mac odhge– sve parab–asvh thc monadiakÏthtac thc kban-
tik†c jewr–ac Se parab–asvh dhlad† tou axi∏matoc Ïti h qronik† exËlixh enÏc
svusvt†matoc g–netai me th dràsvh enÏc monadia–ou telesvt†

Gia na to kànoume autÏ ja prËpei na bro‘me th svqËsvh pou svundËei thn kbantik†
katàsvtasvh tou keno‘ |0ia enÏc parathrht† A pou br–svketai kontà svton or–zonta
gegonÏtwn me thn kbantik† katàsvtasvh enÏc parathrht† B pou br–svketai makrià



apÏ th ma‘rh tr‘pa kai Ëqei diaforetiko kbantikÏ kenÏ |0ib PrËpei na svhmeiwje–
Ïti gia thn parousv–asvh tou epiqeir†matÏc mac ja prËpei na breje– h svqËsvh metax‘
twn |0ia kai |0ib kai Ïqi metax‘ twn mËsvwn tim∏n touc pou brËjhke svto
kefàlaio

Gnwr–zoume Ïti mporo‘me na anal‘svoume to bajmwtÏ ped–o f sve jetiko‘c kai
arnhtiko‘c trÏpouc talàntwsvhc tÏsvo gia ton parathrht† A Ïsvo kai gia ton B
LeptomËreiec pànw svth diadikasv–a aut† parousviàzontai svto Kefàlaio

'Ara

'̂ =
X

n

ânfn + â†nf
⇤
n =

X

n

b̂nhn + b̂†nh
⇤
n

Pa–rnontac svthn parapànw svqËsvh to esvwterikÏ ginÏmeno me to fmsve kàje mËloc
prok‘ptei

âm =
X

n

hhn, fmi b̂n +
X

n

hh⇤
n, fmi b̂†n )

âm =
X

n

amnb̂n +
X

n

bmnb̂
†
n

Gia to kenÏ |0ia ja isvq‘ei

0 = âm |0ia =

 

X

n

amnb̂n +
X

n

bmnb̂
†
n

!

|0ia

AutÏ pou jËloume na kànoume e–nai na l‘svoume thn parapànw ex–svwsvh Ac upo-
jËsvoume Ïti Ëqoume Ënan mÏno trÏpo talàntwsvhc EpomËnwc prok‘ptei Ïti

⇣

b̂+ �b̂†
⌘

|0ia = 0

H l‘svh thc ex–svwsvhc aut†c e–nai thc morf†c

|0ia = Ceµ
ˆb†ˆb† |0ib

Ïpou svtajerà kanonikopo–hsvhc kai m e–nai Ënac arijmÏc pou prËpei na prosv-
dior–svoume Isvq‘ei Ïti

eµ
ˆb†ˆb† =

X

n

µn

n!

⇣

b̂†b̂†
⌘n

Qrhsvimopoi∏ntac th svqËsvh metàjesvhc
h

b̂, b̂†
i

= 1 br–svkoume Ïti



b̂
⇣

b̂†b̂†
⌘n

=
⇣

b̂†b̂†
⌘n

b̂+ 2nb̂†
⇣

b̂b̂†
⌘n�1

ApÏ tic svqËsveic kai Ëqoume Ïti

b̂eµ
ˆb†ˆb† |0ib = 2µb̂†eµ

ˆb†ˆb† |0ib

En∏ apÏ tic kai br–svkoume Ïti

µ = ��
2

'Etsvi

|0ia = Ce�
�

2
ˆb†ˆb† |0ib

EpomËnwc h genik† l‘svh thc ja e–nai

|0ia = Ce
� 1

2

P
mn

ˆb†
m

�
mn

ˆb†
n |0ib

Ïpou g svummetrikÏc p–nakac pou d–netai apÏ th svqËsvh

� =
1

2

⇣

a�1b+
�

a�1b
�T
⌘

BlËpoume Ïpwc kai anamËname Ïti to kenÏ tou parathrht† A fa–netai gemàto
svwmat–dia apÏ ton parathrht† B

Ïti svton ekjËth tou svthn svqËsvh upàrqoun d‘o telesvtËc dhmiourg–ac
svhma–nei Ïti ta svwmat–dia paràgontai pànta sve ze‘gh † diaforetikà sve zugÏ ar-
ijmÏ Den g–netai na Ëqoume dhmiourg–a enÏc † tri∏n † genikà peritto‘ arijmo‘
svwmatid–wn

Se autÏ to svhme–o ja prËpei na kànoume orisvmËnec paradoqËc Ëtsvi ∏svte na
aplopoi†svoume kai àllo th svqËsvh

'Opwc anafËrame svto kefàlaio svthn perioq† tou or–zonta Ëqoume th
dhmiourg–a zeug∏n svwmatid–wn Epeid† jËloume na Ëqoume diat†rhsvh thc or-
m†c sve kàje diadikasv–a dhmiourg–ac svwmatid–wn ta svwmat–dia pou dhmiour-
go‘ntai ja prËpei na e–nai thc –diac orm†c katà mËtro Ja mporo‘sve bËbaia
na isvqurisvte– kane–c Ïti upàrqei h dunatÏthta na paraqjo‘n svwmàtia me di-
aforetikËc ormËc kai h diaforà aut† na antisvtajm–zetai apÏ thn allag† thc
orm†c thc melan†c op†c WsvtÏsvo Ëqoume jewr†svei Ïti o qwrÏqronoc svton
opo–o g–netai h melËth mac e–nai svtajerÏc opÏte h diat†rhsvh thc orm†c thc
melan†c op†c e–nai svtic arqikËc mac upojËsveic



Afo‘ apaito‘me loipÏn svwmàtia –diac orm†c ja prËpei oi telesvtËc dhmiourg–ac b̂†n
pou droun tautÏqrona svthn katàsvtasvh |0ibna Ëqoun to –dio n Gia na isvq‘ei autÏ
ja prËpei Ïloi oi diag∏nioi Ïroi tou p–naka g na e–nai mhdeniko–

Dhlad†

�mn = 0 8m 6= n

Ep–svhc Ïpwc e–pame kai pàli svto kefàlaio ta svwmàtia ja prËpei na
dhmiourgo‘ntai to Ëna entÏc kai to àllo ektÏc tou or–zonta gegonÏtwn Mporo‘me
loipÏn na svpàsvoume touc telesvtËc dhmourg–ac b̂†n sve auto‘c pou dhmiour-
go‘n svwmat–dia ektÏc tou or–zonta ta opo–a kàpoia svtigm† ftànoun svto
àpeiro kai apotelo‘n thn aktinobol–a kai sve auto‘c pou droun
entÏc tou or–zonta kai dhmiourgo‘n svwmàtia ta opo–a pËftoun svthn melan†
op† Touc pr∏touc ja touc onomàsvoume b̂†kkai touc de‘terouc ĉ

†
k

'Etsvi t∏ra mporo‘me na gràyoume th svqËsvh wc ex†c

|0ia = Ce

P
k

ˆb†
k

�ĉ†
k |0ib

gegonÏc Ïti di∏xame to svuntelesvt†� 1

2

apÏ ton ekjËth den ja ephrËasvei touc
upologisvmo‘c mac To kàname gia lÏgouc aplÏthtac

H svqËsvh mac de–qnei Ïti apÏ to kenÏ dhmiourge–tai m–a kbantik† katàsvtasvh

| i = Ce
ˆb†1�ĉ

†
1e

ˆb†2�ĉ
†
2 · · · |0i

svqËsvh mpore– na grafe– wc

| i = | 
1

i ⌦ | 
2

i ⌦ · · ·

Ïpou
| ii ⇠ e

ˆb†
i

�ĉ†
i |0i = e

ˆb†
i

�ĉ†
i |0ib

i

|0ic
i

| ii dhlad† antiprosvwpe‘ei th dhmiourg–a zeug∏n svwmatid–wn svthn katàsvtasvh
Na svhmei∏svoume Ïti epeid† o metajËthc twn telesvt∏n b̂†k kai ĉ

†
k e–nai mhdËn gia

diaforetikÏ k autÏ svhma–nei Ïti h dhmiourg–a tou enÏc ze‘gouc svwmatid–wn den
ephreàzei th dhmiourg–a àllwn svwmatid–wn 'Ara den upàrqei allhlep–drasvh metax‘
zeug∏n svwmatid–wn pou br–svkontai sve àllh katàsvtasvh k gi autÏ kai h svqËsvh

gràfetai svan tanusvtikÏ ginÏmeno Kai sv‘mfwna me Ïti e–pame svto kefàlaio
metax‘ twn | ii den upàrqei a svhmei∏svoume Ïti mhdËn e–nai kai o
metajËthc twn b̂†k kai ĉ

†
k me ton eautÏ touc gia –dio allà gia diaforetikÏ qrÏno

EpomËnwc svwmàtia thc –diac orm†c pou paràgontai sve diaforetikËc qronikËc
svtigmËc den allhlepidro‘n metax‘ touc



EfÏsvon loipÏn metax‘ twn | ii den Ëqoume allhlep–drasvh ja exetàsvoume mÏno
thn | 

1

i

'Eqoume Ïti

| 
1

i = C
�

|0ib1 |0ic1 + � |1ib1 |1ic1 + �2 |2ib1 |2ic1 · · ·
�

E‘kola mpore– na dei kane–c Ïti ta svusvt†mata B kai C e–nai metax‘
touc Gia lÏgouc aplÏthtac pou ja mac dieukol‘noun svtouc upologisvmo‘c mac
antikajisvto‘me thn | 

1

i me m–a pio apl† morf† h opo–a periËqei d‘o
metax‘ touc uposvusvt†mata

'Etsvi Ëqoume

| i = 1p
2
(|0ib | ic + | ib | ic)

To Ïti svthn parapànw svqËsvh ta uposvusvt†mata B kai C e–nai metax‘
touc to de–xame svto kefàlaio To Ïti antikatasvt†svame thn | 

1

i me thn | i
svhma–nei Ïti upojËsvame pwc h pijanÏthta na paraqje– Ëna ze‘goc svwmatid–wn
e–nai pol‘ megal‘terh apÏ thn pijanÏthta na paraqjo‘n d‘o † tr–a † perisvsvÏtera
ze‘gh kaj∏c h | i de–qnei Ïti Ëqoume 50% pijanÏthta na dhmiourghje– Ëna ze‘goc
kai 50% na parame–nei kenÏ Sthn pragmatikÏthta autÏ den e–nai akrib∏c upÏjesvh
kaj∏c mpore– na apodeiqje– Ïti 0 < � < 1 epomËnwc h pijanÏthta gia Ëna ze‘goc
e–nai Ïntwc arketà megal‘terh allà h apÏdeixh aut† den ja g–nei ed∏ ParÏlautà
prËpei na tonisvje– Ïti h antikatàsvtasvh thc | 

1

i me thn | i g–netai kajarà gia
eukol–a svtouc upologisvmo‘c mac To svhmantikÏ pou prËpei na krat†svoume e–nai Ïti
kai svtic d‘o autËc katasvtàsveic upàrqei metax‘ twn uposvusvthmàtwn
kai Kai sve autÏ to ja de–xoume Ïti ofe–letai to Paràdoxo thc

Plhrofor–ac

Prin th dhmiourg–a loipÏn tou pr∏tou ze‘gouc svwmatid–wn Ëqoume mÏno thn kban-
tik† katàsvtasvh thc melan†c op†c | M i Profan∏c efÏsvon antiprosvwpe‘etai apÏ
Ëna e–nai katàsvtasvh kai h arqik† entrop–a tou svusvt†matoc e–nai mhdËn

S↵⇢� = 0

'Epeita dhmiourge–tai to pr∏to ze‘goc svwmatid–wn to opo–o kànoume kai pàli thn
upÏjesvh Ïti den allhlepidrà me thn melan† op† màzac M 'Etsvi metà thn pr∏th
dhmiourg–a ze‘gouc h katàsvtasvh tou svusvt†matoc ja e–nai h

| i = | M i ⌦ | i )



| i = | M i ⌦ 1p
2
(|0ib | ic + | ib | ic)

Eàn jËloume na upolog–svoume thn entrop–a tou svwmatid–ou wc proc to up-
osv‘svthma tou kai thc melan†c op†c br–svkoume Ïti

Sb = ln 2

upologisvmÏc autÏc Ëgine svto kefàlaio svqËsvh Ïpou upolog–svthke
h entrop–a gia m–a akrib∏c –dia kbantik† katàsvtasvh H melan† op† fa–netai apÏ
thn svqËsvh Ïti den e–nai me to svwmat–dio àra h entrop–a Sb

ofe–letai mÏno svto metax‘ kai

Sth svunËqeia kaj∏c h diadikasv–a exel–svsvetai Ëqoume th dhmiourg–a kai àllwn
zeug∏n svwmatid–wn Se kàje b†ma dhmiourg–ac auxànetai h entrop–a twn {b}sve
svqËsvh me to upÏloipo sv‘svthma {c} kai M katà ln 2 Metà th dhmiourg–a N zeug∏n
svwmatid–wn h kbantik† katàsvtasvh tou svusvt†matoc ja e–nai h

| i
ol

= | M i ⌦ | i ⌦ | i · · · | i
N

| {z }

Ja Ëqoun mazeute– svto àpeiro N svwmat–dia ta opo–a apotelo‘n thn aktinobol–a
To uposv‘svthma autÏ ja Ëqei entrop–a

Sb = N ln 2

sve svqËsvh me to upÏloipo sv‘svthma Upenjum–zoume Ïti svthn bàzoume
tanusvtikÏ ginÏmeno giat– Ïpwc anafËrame prohgoumËnwc h dhmiourg–a enÏc ze‘-
gouc den ephreàzei th dhmiourg–a twn upolo–pwn

MËqri svtigm†c den upàrqei kàpoio prÏblhma o‘te kàpoio paràdoxo H melan† op†
aktinobole– svuneq∏c qànei enËrgeia kai to gegonÏc Ïti ta svwmàtia {b} Ëqoun
entrop–a diàforh tou mhdenÏc den mac enoqle– DiÏti h svunolik† kbantik† katàsv-
tasvh tou svusvt†matoc e–nai h | i

ol

pou e–nai àra Ëqei entrop–a mhdËn Ïsvh
kai h arqik† 'Opwc anamenÏtan apÏ th qronik† exËlixh mËsvw monadia–ou telesvt†

To prÏblhma emfan–zetai Ïtan h màza thc melan†c op†c Ëqei meiwje– pàra pol‘ kai
tÏte h metabol† thc màzac wc proc to qrÏno kai h kampulÏthta kontà svton
or–zonta g–nontai kai ta d‘o pol‘ megàla dM

dt ⇠ � 1

M2 , R ⇠ 1

M2

Sthn ousv–a autÏ pou g–netai e–nai Ïti plËon den isvq‘oun d‘o basvikËc paradoqËc
tou 'Etsvi den mporo‘me na po‘me me bebaiÏthta ti g–netai Ïtan h màza
thc ma‘rhc tr‘pac g–nei pol‘ mikr†

Upàrqoun d‘o pijanËc ekdoqËc oi opo–ec Ïpwc ja do‘me odhgo‘n sve paràdoxo
kai oi d‘o



Per–ptwsvh

Mpore– plËon Ïtan h màza ftànei svta Ïria thc màzac g–netai pol‘ mikr†
dhlad† h aktinobol–a na svtamatà 'Etsvi mËnei Ëna apÏ thn
arqik† melan† op† màzac M Sthn per–ptwsvh aut† autÏ pou exasvfal–zetai e–-
nai h diat†rhsvh thc monadiakÏthtac thc jewr–ac mac diÏti efÏsvon exakolouje–
na upàrqei to h svunolik† kbantik† katàsvtasvh tou svusvt†matoc ja e–-
nai àra kai h entrop–a mhdËn WsvtÏsvo to gegonÏc Ïti h diadikasv–a svtamatà
kai Ëqoume th dhmiourg–a auto‘ tou emfan–zei àllo prÏblhma Gia na
mpore– h aktinobol–a {b} na e–nai me to efÏsvon ta {b} e–nai
N sve arijmÏ ja prËpei kai to na diajËtei N toulàqisvton bajmo‘c eleu-
jer–ac WsvtÏsvo ja mporo‘sve kàpoioc na xekin†svei apÏ m–a melan† op† megal‘terhc
màzac Sto tËloc ja ftàname kai pàli sve Ëna màzac wsvtÏsvo ja
e–qan paraqje– N0svwmat–dia me N0 > N AutÏ svhma–nei dhlad† Ïti ta
Ëqoun aperiÏrisvtouc bajmo‘c eleujer–ac svto esvwterikÏ touc Kàti pou den e–nai
idia–tera anamenÏmeno 'Eqoun protaje– diàfora epiqeir†mata pou parousviàzoun
endeqÏmena probl†mata svthn ‘parxh twn WsvtÏsvo h melËth aut∏n twn
epiqeirhmàtwn den ja g–nei sve aut† thn ergasv–a

Per–ptwsvh

H de‘terh pijan† ekdoq† gia thn katàlhxh thc aktinobol–ac e–nai Ïti
h teleuta–a den svtamatà potË H ma‘rh tr‘pa qànei svuneq∏c enËrgeia mËqri pou
exatm–zetai AutÏ Ïmwc mac odhge– Ïti plËon to sv‘svthmà mac apotele–tai mÏno
apÏ ta svwmàtia {b} thn aktinobol–a dhlad† H aktinobol–a Ëqei
entrop–a Sb = N ln 2 E–nai dhlad† WsvtÏsvo efÏsvon h melan† op† den
upàrqei plËon ta {b} den Ëqoun kàti me to opo–o mpore– na e–nai H
‘parxh thc entrop–ac touc upodhl∏nei Ïti den mporo‘n na perigrafo‘n wc m–a

katàsvtasvh allà mÏno me th bo†jeia enÏc

De–xame Ïmwc svto kefàlaio Ïti an Ëna sv‘svthma exel–svsvetai me th bo†jeia enÏc
monadia–ou telesvt† h entrop–a paramËnei svtajer† Kai efÏsvon ed∏
e–qame a‘xhsvh thc entrop–ac autÏ svhma–nei Ïti h qronik† exËlixh DEN Ëgine me
th bo†jeia enÏc monadia–ou telesvt†

Ftàsvame loipÏn svto svumpËrasvma Ïti svthn bar‘thta kai svthn aktinobol–a twn
melan∏n op∏n den isvq‘ei Ëna apÏ ta basvikà axi∏mata thc kbantomhqanik†c An
bËbaia sve kàpoion fa–netai Ïqi kai kàti tÏsvo tromerÏ kai Ïti aplà h l‘svh tou
probl†matoc auto‘ ja †tan m–a apl† tropopo–hsvh twn axiwmàtwn thc kban-
tomhqanik†c gia thn per–ptwsvh thc bar‘thtac Ïti dhlad† eke– h qronik† exËlixh
den g–netai me monadia–o telesvt† ja prËpei na svkefte– to ex†c 'Eqoun protaje–
epiqeir†mata pou isvqur–zontai Ïti h qronik† exËlixh me monadia–o telesvt†
mpore– na svhma–nei parab–asvh thc arq†c diat†rhsvhc thc enËrgeiac

Gia na g–nei autÏ pio katanohtÏ ac svkefto‘me to ex†c aplÏ paràdeigma

Th diadikasv–a thc kbantik†c mËtrhsvhc



Paràdeigma

'Esvtw Ïti Ëqoume Ëna sv‘svthma me katàsvtasvh

| i = 1p
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i idiodian‘svmata thc enËrgeiac me idiotimËc E
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kai E
2

ant–svtoiqa

H mËsvh tim† thc enËrgeiac tou svusvt†matoc e–nai

hEµi =
E

1

+ E
2

2

Metà thn kbantik† mËtrhsvh h mËsvh tim† thc enËrgeiac ja e–nai e–te E
1

e–te E
2

afo‘ h katàsvtasvh ja Ëqei katarre‘svei sve Ëna apÏ ta d‘o idiodian‘svmata thc
enËrgeiac Ja e–nai dhlad† diaforetik† thc arqik†c BlËpoume dhlad† Ïti me th
dràsvh enÏc mh monadia–ou telesvt† Ïpwc e–nai autÏc thc mËtrhsvhc Ëqoume mh di-
at†rhsvh thc enËrgeiac svto sv‘svthma pou meletàme WsvtÏsvo ed∏ den upàrqei kàpoio
paràdoxo diÏti jewro‘me Ïti h enËrgeia pou qàjhke apÏ to sv‘svthma thn p†re h
metrik† svusvkeu† Sthn per–ptwsvh thc melan†c op†c Ïmwc pou to sv‘svthma e–nai
apomonwmËno endËqetai h diat†rhsvh thc enËrgeiac na parabiàzetai

Katal†goume loipÏn svto svumpËrasvma Ïti h exàqnwsvh twn melan∏n op∏n mac
odhge– sve parab–asvh axiwmàtwn pànw svta opo–a Ëqei basvisvte– Ïlh h melËth thc
fusvik†c mac
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Kefàlaio 6

Diorj∏sveic Kbantik†c
Bar‘thtac

Sthn prosvpàjeià tou kàpoioc na mporËsvei na d∏svei m–a ikanopoihtik† apànthsvh
gia to paràdoxo thc plhrofor–ac –svwc to pr∏to pràgma pou prËpei na exetàsvei
e–nai eàn mikrËc diorj∏sveic svthn perigraf† thc bar‘thtac apÏ th genik† jew-
r–a thc svqetikÏthtac lÏgw kbantik∏n allhlepidràsvewn allàzoun thn kbantik†
katàsvtasvh twn svwmatid–wn pou paràgontai Ofe–loume bËbaia oi diorj∏sveic pou
ja jewr†svoume na e–nai arketà mikrËc DiÏti svthn perioq† tou or–zonta h kam-
pulÏthta e–nai pol‘ mikr† epomËnwc kai h enËrgeia tou barutiko‘ ped–ou svthn
perioq† aut† e–nai tËtoia pou h G J S ja prËpei na apotele– pol‘ kal† prosvËg-
gisvh SkopÏc mac e–nai na dhmiourg†svoume aktinobol–a {b} h opo–a den e–nai

me ta svwmat–dia {c} Ja prËpei dhlad† h svunolik† katàsvtasvh l–go prin
thn exàtmisvh na e–nai thc morf†c
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svqËsvh wsvtÏsvo parathro‘me Ïti e–nai pol‘ diaforetik† apÏ thn
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opÏte oi diorj∏sveic thc kbantik†c bar‘thtac ja prËpei na e–nai thc tàxewc thc
monàdac Dhlad† svthn ousv–a na mhn isvq‘ei kajÏlou h diadikasv–a pou akolo‘jhsve o



àti bËbaia pou fa–netai arketà per–ergo diÏti ergàsvthke sve perioqËc
energei∏n kontà svthn klasvsvik† fusvik†

'Ena paràdeigma gia na do‘me Ïti mikrËc diorj∏sveic den mporo‘n na allàxoun
dramatikà thn katàsvtasvh e–nai to ex†c

Paràdeigma

Jewro‘me thn allagmËnh lÏgw ep–drasvhc kbantik†c bar‘thtac katàsvtasvh pou
perigràfei th dhmiourg–a svwmatid–wn
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Gia " = 0 h taut–zetai me thn

Ja upolog–svoume t∏ra thn entrop–a tou svwmatid–ou sve svqËsvh me to
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Sto svhme–o autÏ ja prËpei na or–svoume ti svhma–nei mikrËc diorj∏sveic lÏgw kban-
tik†c bar‘thtac tic opo–ec jËloume na eisvàgoume svtouc upologisvmo‘c mac Sthn
svqËsvh Ïpou den upàrqoun oi diorj∏sveic autËc h pijanÏthta na Ëqoume
th dhmiourg–a enÏc ze‘gou svwmatid–wn e–nai –dia me aut† tou na parame–nei o
q∏roc kenÏc 50% EpomËnwc kai svthn per–ptwsvh pou eisvàgoume tic diorj∏sveic
ja jËloume o lÏgoc twn pijanot†twn aut∏n na e–nai per–pou –svoc me th monàda WsvtÏsvo
gia na e–masvte asvfale–c kai sv–gouroi jewro‘me Ïti

OrisvmÏc O lÏgoc thc pijanÏthtac dhmiourg–ac ze‘gouc svwmatid–wn proc thn
pijanÏthta tou na parame–nei o q∏roc kenÏc mpore– na e–nai lÏgw ep–drasvhc
kbantik†c bar‘thtac mikrÏteroc tou 2 kai megal‘teroc tou 1
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S‘mfwna me ton orisvmÏ autÏ kai th svqËsvh ja Ëqoume
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L‘nontac thn parapànw an–svwsvh prok‘ptei e‘kola Ïti gia tic diorj∏sveic thc
kbantik†c bar‘thtac pou or–svame gia to e ja prËpei na isvq‘ei

" < �8, 24 [ �0, 24 < " < 0, 24 [ " > 8, 24

AutÏ pou mpore– na de–xei kane–c e–nai Ïti gia autËc tic perioqËc tou e h en-
trop–a Sb exakolouje– na e–nai jetik† sve kàje b†ma dhmiourg–ac svwmatid–wn kai
Ïqi mhdenik† Ja to do‘me mÏno gia thn perioq† �0, 24 < " < 0, 24 To –dio
apotËlesvma isvq‘ei kai gia tic d‘o àllec perioqËc Sthn perioq† aut† to e e–nai
pol‘ mikrÏ "! 0 opÏte prok‘ptei
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Sb =
ln 2 + 8"2

1 + 2"2

'Ara

lim
"!0

Sb = ln 2 > 0

'Ara blËpoume Ïti mikrËc diorj∏sveic af†noun jetik† thn tim† thc entrop–ac opÏte
to paràdoxo paramËnei Gia na Ëqoume Sb = 0 sv‘mfwna me th svqËsvh ja
prËpei " = ± 1p

2

WsvtÏsvo oi timËc autËc gia to e e–nai ektÏc twn perioq∏n pou
e–dame Ïti isvq‘oun me bàsvh mikrËc diorj∏sveic Ja mporo‘sve na pei kàpoioc Ïti
aplà oi kbantikËc diorj∏sveic mpore– na e–nai pio megàlec kai na perilambànoun
tic timËc " = ± 1p

2

ParÏlautà oi diorj∏sveic kbantik†c bar‘thtac pou jewr†s-
vame parapànw svton orisvmÏ mac e–nai †dh arketà megal‘terec apÏ autËc pou
anamËnoume Dhlad† akÏmh kai sve per–ptwsvh pou entÏc aut∏n twn perioq∏n to
Paràdoxo thc Plhrofor–ac lunÏtan den ja †masvtan sv–gouroi eàn mporo‘n na
upàrxoun tËtoiec diorj∏sveic T∏ra Ïmwc pou autÏ paramËnei mporo‘me na po‘me
me svqetik† bebaiÏthta Ïti gia na luje– to Paràdoxo thc Plhrofor–ac apaito‘ntai
pol‘ megàlec diorj∏sveic oi opo–ec den svumbad–zoun me tic mËqri t∏ra antil†yeic
mac gia th bar‘thta

Shme–wsvh

Se autÏ to svhme–o kalÏ ja †tan na xekajar–svoume to ex†c

M–a pol‘ svuqn† làjoc ant–lhyh gia to paràdoxo thc plhrofor–ac e–nai Ïti eàn
breje– mhqanisvmÏc pou na kànei ta svwmat–dia kai pou dhmiourgo‘ntai na
mhn e–nai metax‘ touc tÏte to paràdoxo ja Ëqei luje– Kai autÏ diÏti
arketo– pisvte‘oun Ïti h aktinobol–a twn melan∏n op∏n e–nai parÏmoia me aut†
enÏc x‘lou pou ka–getai O lÏgoc pou Ëqoume svuqnà aut† th làjoc ant–lhyh
e–nai diÏti h aktinobol–a m–ac melan†c op†c d–netai apÏ thn svqËsvh tou
gia to mËlan sv∏ma epomËnwc pollo– gi autÏ jewro‘n Ïti den upàrqei diaforà me
Ëna x‘lo pou ka–getai Eke– Ëqei apodeiqje– Ïti h plhrofor–a diathre–tai kai o
telesvt†c exËlixhc e–nai Ïntwc monadia–oc WsvtÏsvo upàrqei m–a svhmantik† diaforà
me tic melanËc opËc H aktinobol–a pou proËrqetai apÏ Ëna x‘lo pou ka–getai
exartàtai apÏ to ulikÏ pou apotele– to x‘lo To –dio to ulikÏ autÏ ka–getai kai
apeleujer∏netai svan aktinobol–a 'Etsvi Ëan kàpoioc mporËsvei kai svugkentr∏svei
Ïlh aut† thn aktinobol–a ja mporËsvei na anakt†svei thn plhrofor–a apÏ thn
opo–a apotelo‘ntan to x‘lo Sthn per–ptwsvh thc ma‘rhc tr‘pac Ïmwc Ïpwc e–dame
svthn apÏdeixh thc aktinobol–ac h teleuta–a exartàtai mÏno apÏ th
màza thc melan†c op†c kai Ïqi apÏ ta epimËrouc svtoiqe–a pou dhmio‘rghsvan thn
melan† op† AkÏmh dhlad† kai eàn e–qame Ënan mhqanisvmÏ pou na exasvfal–zei thn
monadia–a exËlixh tou svusvt†matoc h plhrofor–a pou apotele– mia ma‘rh tr‘pa ja
qànontan Mporo‘me na po‘me dhlad† Ïti to paràdoxo thc plhrofor–ac Ëqei d‘o
Ïyeic M–a e–nai h mh diat†rhsvh thc monadiakÏthtac to opo–o epiqe–rhma qreiazÏtan



majhmatik† prosvËggisvh gia thn katanÏhsvh tou thn opo–a kai kàname Kai h àllh
e–nai Ïti qànetai h plhrofor–a apÏ thn opo–a dhmiourg†jhke h melan† op† H
de‘terh Ïyh tou paradÏxou e–nai svqetikà profan†c kai den apaite– majhmatikà
gia thn katanÏhsv† thc gi autÏ kai den epektaj†kame perisvsvÏtero sve aut†
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Kefàlaio 7

Ep–logoc

E–dame loipÏn Ïti h ergasv–a tou svthn opo–a apËdeixe pwc oi melanËc
opËc aktinobolo‘n Ïqi aplà àllaxe tic mËqri tÏte pepoij†sveic gia tic ma‘rec
tr‘pec allà Ëjesve kai Ëna apÏ ta pio endiafËronta probl†mata svth sv‘gqronh
fusvik† To Paràdoxo thc Plhrofor–ac O svthn hmiklasvsvik† prosvËg-
gisvh thc ergasv–ac tou kbàntwsve thn ‘lh diathr∏ntac paràllhla thn perigraf†
tou qwrÏqronou Ïpwc autÏc d–netai apÏ thn Genik† Jewr–a thc SqetikÏthtac Se
autà ta pla–svia e–nai anapÏfeukto Ïti ja katal†xoume sve m–a apÏ tic ex†c d‘o
peript∏sveic

M–a melan† op† màzac thc tàxewc Sthn per–ptwsvh aut†
prok‘ptoun paràdoxa exait–ac tou aperiÏrisvtou arijmo‘ esvwterik∏n katasvtàsvewn
bajmo– eleujer–ac pou mporo‘n na Ëqoun ta

melan† op† exatm–zetai pl†rwc Sthn per–ptwsvh aut† Ëqoume

Parab–asvh thc monadiakÏthtac thc kbantik†c jewr–ac Dhlad† h qronik†
exËlixh tou svusvt†matoc den g–netai me th dràsvh enÏc monadia–ou telesvt† AutÏ
ofe–letai svto gegonÏc Ïti ta ze‘gh svwmatid–wn pou paràgontai kontà svton
or–zonta thc melan†c op†c e–nai metax‘ touc

Qànetai h plhrofor–a thc melan†c op†c Dhlad† akÏmh kai an mporo‘svame
na svugkentr∏svoume Ïlh thn aktinobol–a den ja up†rqe trÏpoc na
màjoume apÏ ti e–douc ‘lh apotelo‘ntan h melan† op† AutÏ ofe–letai svto
gegonÏc Ïti h aktinobol–a de–xame Ïti exartàtai mÏno apÏ th màza
thc melan†c op†c kai Ïqi apÏ touc esvwteriko‘c bajmo‘c eleujer–ac thc

EpomËnwc svthn per–ptwsvh d‘o eàn kàpoioc jËlei na d∏svei mia l‘svh ja prËpei na
prote–nei Ënan mhqanisvmÏ o opo–oc l‘nei kai ta d‘o probl†mata Dhmiourge– dhlad†
m–a aktinobol–a pou mpore– na perigrafe– wc katàsvtasvh allà tautÏqrona
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epitrËpei thn plhrofor–a pou apotele– thn melan† op† na diaf‘gei svto àpeiro Kàti
tËtoio wsvtÏsvo den e–nai kajÏlou e‘kolo diÏti Ïpwc e–dame mikrËc diorj∏sveic svta
apotelËsvmata tou lÏgw kbantik†c bar‘thtac den epil‘oun to parà-
doxo AutÏ pou fa–netai e–nai Ïti –svwc telikà na kàname làjoc gia to pÏsvo megàlh
e–nai h ep–drasvh thc kbantik†c bar‘thtac 'Isvwc na mhn e–nai amelhtËa akÏmh kai
sve perioqËc qamhl∏n energei∏n kàti pou svhma–nei Ïti endËqetai na prËpei na al-
làxoume drasvtikà tic apÏyeic mac gia th bar‘thta WsvtÏsvo ja mporo‘sve bËbaia h
perigraf† thc bar‘thtac na e–nai ikanopoihtik† apÏ th G J S kai to prÏblhma
telikà na entop–zetai svthn kbantomhqanik† To mÏno sv–gouro e–nai pwc to Parà-
doxo thc Plhrofor–ac e–nai Ëna exairetikà endiafËron prÏblhma h l‘svh tou opo–ou
ja mac apasvqol†svei gia arketÏ kairÏ akÏmh
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