Steady states in
conformal field theories

Based on work with A. Karch, H-C. Chang and |. Amado.




The problem | want to consider is as follows: at
t=0 we prepare an initial state connected to two
heat baths:
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The problem | want to consider is as follows: at
t=0 we prepare an initial state connected to two
heat baths, which are infinitely far apart.
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Conjecture: If the field theory thermalizes
quickly then the late time steady state is
universal.
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Conjecture: If the field theory thermalizes
quickly then the late time steady state is
universal.

The pressure at late times will take one of 2 values:

P 1
) 5 = (2d=1)~ (d—2)y/T-5?)
(1) B~ g =D )V/1 —dp
PO:PL_;PR 0 < 5p:§21§2<1 d = dimension of spacetime
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Conjecture: If the field theory thermalizes
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universal.

The pressure at late times will take one of 2 values:
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Conjecture: If the field theory thermalizes
quickly then the late time steady state is
universal.

The pressure at late times will take one of 2 values:
d=4

P
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Conjecture: If the field theory thermalizes
quickly then the late time steady state is
universal.
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Conjecture: If the field theory thermalizes
quickly then the late time steady state is
universal.

The pressure at late times will take one of 2 values:

d=4 d=4
P
=

Monday, February 16, 15



Plan:

*Prove the conjecture for 2d CFT’s
*Prove the conjecture in idealized case
*Motivate the conjecture

*Provide evidence for the conjecture in non
trivial configurations
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Steady states in 2d CFT’s

Setting up the problem: at t=0 we have
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Setting up the problem: at t=0 we have

We fix T (t,x=0) = Piere and T''(t,x=L)=Prigh.

A'|'II

Steady states in 2d CFT’s
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Steady states in 2d CFT’s

Setting up the problem: at t=0 we have
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We fix T (t,x=0) = Piere and T''(t,x=L)=Prigh.
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Steady states in 2d CFT’s

A TOI

What are T!! and T°! for all t and x?
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|
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For a conformal theory (using ds? = dzdz)
T°* =T(z)  T% =T(3) %% — ()
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Steady states in 2d CFT’s

A TOI

% .
X
OV

For a conformal theory (using ds? = dzdz)

T =1T(z)

T* =T(z)

T% =0

In the ds* = —dt* 4 dz® coordinate system

o (

To(t+x)+T_(—t-

—

T (—t+x)— T (tA

- L

)
)

T (—t+x)—T4(t-

T (t+x)+T_(—t-
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Steady states in 2d CFT’s

In the ds® = —dt* 4+ dz* coordinate system
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Steady states in 2d CFT’s

In the ds? = —dt? + dz?

THY <T+ (t

T (—t+ )

)

T (—t

)

— T+(t _

—:E)

coordinate system

T (—t+x) - T+(
T, (t+x)+T_(—t

At x=00 we have the right heat bath

T4 (00) +T_ (o0

— Pright )

T (00) — T\ (00

) =
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Steady states in 2d CFT’s

In the ds? = —dt? + dz® coordinate system
Y

o (Bl DTt a) Toita) T+ a)
T (—t4a)—To(t+a) Tp(t+z)+T (—t+ )

At x=00 we have the right heat bath
Ty (00) + T-(00) = Pright»  T-(00) — T4 (00) = 0
At x=-00 we have the left heat bath
T.(~00) + T_(~00) = Piogy, T-(—00) — T (~00) = 0
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Steady states in 2d CFT’s

In the ds? = —dt? + dz® coordinate system
Y

o (Bl DTt a) Toita) T+ a)
T (—t4a)—Ti(t+z) To(t+z)+T (—t+z)

At x=00 we have the right heat bath

Ty (00) + T-(00) = Prigpg . T-(00) — Ty (00) = 0
At x=-00 we have the left heat bath

T.(~00) + T_(~00) = Pefy, T (—00) — Ts(~00) = 0
Therefore, at t=00 we have

T = Ty (o00) +T_(—o0) = (Pleft + B lght> )

(Pleft - Prlght)

er—\wlr—\

T = T (=o0) — T4 (o) =
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Steady states in 2d CFT’s

In the ds? = —dt? + dz® coordinate system
Y

TW:<T+(t r)+T (—t+x) T_(—t+x)—T.(t :1:))
T (—t+x)—T (t4+x) T (t+x)+T_(—t+z)

At x=00 we have the right heat bath
Ty (00) + T-(00) = Pright»  T-(00) — T4 (00) = 0
At x=-00 we have the left heat bath
T.(~00) + T_(~00) = Piogy, T-(—00) — T (~00) = 0

Therefo re, at t=00 we have (See also, Bernard and Doyon, 2013; Bhaseen et. al., 2013)

1
T =T1(c0) + T_(—00) = 5 (Pleft + Pright) »

1
% =T (—00) — T} (00) = 5 (Pleft - Pright)
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Steady states in 2d CFT’s

The exact same analysis can be used to consider
more complicated configurations:
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Steady states in 2d CFT’s

The exact same analysis can be used to consider
more complicated configurations:

B,

,ﬁ: ATOI J+O J-O C=cC+TC.
¢

X
- 1 — 5R 1 B 1 — 6R
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Steady states in 2d CFT’s

Main ingredient:

Ty (t4x) +T_(—t+

)

T (—t+x) —T4(t-

- 1)

T (—t4+x)— T4 (tA

Th(t+x)+T_(—t-
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Steady states in 2d CFT’s

Main ingredient:

Ty _ <T+(t + )+ T_(—t -

- L

T_(—t -+ CE') — T_|_(t -
It follows from:

0,T" =0, TH, =0

—

)
)

T (—t4+x)— T4 (tA

Th(t+x)+T_(—t-
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Generalizing to higher dimensions

Energy momentum conservation and conformal
invariance imply:

0,T" =0, TV, =
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Generalizing to higher dimensions

Energy momentum conservation and conformal
invariance imply:

0,T" =0, TH, =0

Within our ansatz

TOO TOl 0
T (t,x) = | T°Y T 0
0 0 1)

So for d>2 we have 4 components of the stress
tensor but only three non trivial equations.
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Generalizing to higher dimensions

Energy momentum conservation and conformal
invariance imply:

0,T" =0, TH, =0

Within our ansatz

TOO TOl 0
T (t,x) = | T°Y T 0
0 0 1)

So for d>2 we have 4 components of the stress
tensor but only three non trivial equations.

We need more input.
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Higher dimensions: an idealized case
Energy momentum conservation and conformal
invariance imply:

0,T" =0, T',=0
Within our ansatz

TOO TOl 0
T (t,x) = | T°Y T 0
0 0 1)
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Higher dimensions: an idealized case

Energy momentum conservation and conformal
invariance imply:

0,T" =0, TH, =0

Within our ansatz

TOO TOl 0
T (t,x) = | T°Y T 0
0 0 1)

Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

T =e(P)ufu” + (""" + uHu”) P
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Let us assume, in addition, that the system is
described by a perfect inviscid fluid:
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Higher dimensions: an idealized case

Energy momentum conservation and conformal
invariance imply:

0,T" =0, TH, =0

Within our ansatz

TOO TOl 0
T (t,x) = | T°Y T 0
0 0 1)

Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

T =e(P)ufu” + (""" + uHu”) P
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energy density  4-velocity
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Higher dimensions: an idealized case

Energy momentum conservation and conformal
invariance imply:

0,T" =0, TH, =0

Within our ansatz

TOO TOl 0
T (t,x) = | T°Y T 0
0 0 1)

Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

T =e(P)ufu” + (""" + uu”)P

/N \

energy density  4-velocity = Pressure
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Higher dimensions: an idealized case
Energy momentum conservation and conformal
invariance imply:

0,T" =0, T',=0

Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

TH = e(P)utu” + (0" + u'u”) P
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Higher dimensions: an idealized case

Energy momentum conservation and conformal
invariance imply:

0, T" =0, TF,=0
Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

TH = e(P)utu” + (0" + u'u”) P

If the pressure difference between the baths is small,
then sound modes will dominate the dynamics
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Higher dimensions: an idealized case

Energy momentum conservation and conformal
invariance imply:

0, T" =0, TF,=0
Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

TH = e(P)utu” + (0" + u'u”) P
If the pressure difference between the baths is small,
then sound modes will dominate the dynamics
e=(d-1)P, P=PFPy+6P(t,x), u'=(1,08(tx),0,...,0)
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Higher dimensions: an idealized case

Energy momentum conservation and conformal
invariance imply:

0, T" =0, TF,=0
Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

TH = e(P)utu” + (0" + u'u”) P

If the pressure difference between the baths is small,
then sound modes will dominate the dynamics

e=(d-1)P, P=PFPy+6P(t,x), u'=(1,08(tx),0,...,0)

0P = P_(x — cst) + Py (x + cst)

1

0B(t,x) = Bo - TBc (Py(z +cst) — P_(x — cst))
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Higher dimensions: an idealized case

Energy momentum conservation and conformal
invariance imply:

0, T" =0, TF,=0
Let us assume, in addition, that the system is
described by a perfect inviscid fluid:

TH = e(P)utu” + (0" + u'u”) P

If the pressure difference between the baths is small,
then sound modes will dominate the dynamics

e=(d-1)P, P=PFPy+6P(t,x), u'=(1,08(tx),0,...,0)

5P = P_( £+ Py ( +;speed of sound
= P (x — cg4 (2 + et \

1

0B(t,x) = Bo - TBc (Py(z +cst) — P_(x — cst))
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Higher dimensions: an idealized case

0P = P_(x — cst) + Py (x + cst)

1

0B(t,x) = Bo - TBc (Py(z +cst) — P_(x — cst))
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Higher dimensions: an idealized case

The linearized equations for OP and 0 are wave
equations. Their general solution is given by:

0P = P_(x — cst) + Py (x 4 cst)

1

0p(t,x) = Bo A TBc (Py(x + cst) — P_(x — cst))
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Higher dimensions: an idealized case

The linearized equations for OP and 0 are wave
equations. Their general solution is given by:

0P = P_(x — cst) + Py (x 4 cst)
1
6B(t, ) = Bo - P, (Py(x +cst) — P_(x — cst))
So we can use the same strategy as before to obtain

the late time behavior of the pressure and velocity.
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Higher dimensions: an idealized case

The linearized equations for OP and 0 are wave
equations. Their general solution is given by:

0P = P_(x — cst) + Py (x 4 c4t)
1
— | P S o P— — Ls 9
dB3(t, x) = Po TBc. (Py(x + cst) (x — cst))
So we can use the same strategy as before to obtain

the late time behavior of the pressure and velocity:

At x— F 00 we impose that the system is connected to
a heat bath. This determines the t— o0 behavior

AP

Cs

Tt — 00) = (d—1)Py, T (t — o0) =

: Tll(t%OO) = B
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What did we learn?

At late times sound modes propogating towards the heat
bath generated an intermediate steady state region.
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What did we learn?

We conjecture that this is always the case:

o 7 z AP
( : :

time independent

Region | Region 2 Region 3
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Higher dimensions: the general case
Ve conjecture that:

a9
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time independent

Region | Region 2 Region 3
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Higher dimensions: the general case
Ve conjecture that:

a9

1 z AP
7

time independent

Region | Region 2 Region 3

Region |

T,Lu/ _ _%WL (CU + ULt) WL (CU + ULt) n C,uz/
1 WL(ZE—FULt) —ULWL(LE—I—”ULt) 1
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Higher dimensions: the general case
Ve conjecture that:

-9

1 z AP
7

time independent

Region | Region 2 Region 3

Region |

T,Lu/ _ _%WL (CU + ULt) WL (CIj + ULt) n C,uz/
1 WL(ZE—FULt) —ULWL(LE—I—”ULt) 1

Region 2
o ()
d <‘””>—<J<w> P(as))

Monday, February 16, 15



Higher dimensions: the general case
Ve conjecture that:

-9

1 z AP
7

time independent

Region | Region 2 Region 3

Region |

T,ul/ _ _%WL (CU + ULt) WL (CIj + ULt) n C,LLI/
1 WL(ZE—FULt) —ULWL(LE—I—”ULt) 1

Region 2

wv () — (z)
) <J<az> P(az))
Conservation:
J'(x) =0, Pl(x)=0
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Higher dimensions: the general case
Ve conjecture that:
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Region |
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Conservation:
J'(x) =0, Pl(x)=0
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Higher dimensions: the general case
Ve conjecture that:

-9

1 z AP
7

time independent

Region | Region 2 Region 3

Region |

T,ul/ _ _%WL (CU + ULt) WL (CIj + ULt) n C,LLI/
1 WL(ZE—FULt) —ULWL(LE—I—”ULt) 1

Region 2
uv E(m) J
= 7)
Conservation:
J'(x) =0, Pl(x)=0
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Higher dimensions: the general case
Ve conjecture that:

-9

1 z AP
7

time independent

Region | Region 2 Region 3
Region |
T,Lu/ L _%WL (CU + ULt) WL (CIj + ULt) n C,uz/

L WL(ZIZ -+ ULt) —’ULWL(LE -+ ULt) 1
Region 2

w _ (€lx) T

()

Region 3
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Higher dimensions: the general case

We conjecture that:
T'' =Py + AP

10 _
T =0 AP :Tllzp()—AP

70 =

time independent

Region | Region 2 Region 3
Region |
T,ul/ L _%WL (CU + ULt) WL (CIj + ULt) n C,ul/

L WL(ZIZ -+ ULt) —’ULWL(LU -+ ULt) 1
Region 2

uv E(m) J

()

Region 3
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Higher dimensions: the general case

We conjecture that:
T = P+ AP T = —vpJp + (Py + AP)
T =0 . T =Jg AP : : T'' = Py — AP

time independent

—
Region | Region 2 Region 3
Region |
T,ul/ L _%WL (CU + ULt) WL (CIj + ULt) n C,ul/

L WL(ZIZ + ULt) —’ULWL(LU -+ ULt) 1
Region 2

uv E(m) J

()

Region 3

1
U ——WR(x—vRt) WR(QB—URt) U
Ky v H
T3 - ( I/?/R(CE — URt) —URWL (.CC — ?JRt) * CIII
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Higher dimensions: the general case

We conjecture that:
T — p, + AP T — —yp Jp + (Py 4+ AP) T = vpJr + (Py — AP)
TlO:O ::Z'WIO:JL AP nglO:JR :Tllzpo_AP

time independent

—
Region | Region 2 Region 3
Region |
T,ul/ L _%WL (CU + ULt) WL (CIj + ULt) n C,ul/

L WL(ZIZ + ULt) —’ULWL(LU -+ ULt) 1
Region 2

uv E(m) J

()

Region 3

1
U ——WR(x—vRt) WR(QB—URt) U
Ky v H
T3 - ( I/?/R(CE — URt) —URWL (.CC — ?JRt) * CIII

Monday, February 16, 15



Higher dimensions: the general case

We conjecture that:
T — p, + AP T — —yp Jp + (Py 4+ AP) T = vpJr + (Py — AP)
TlO:O ::Z'WIO:JL AP nglO:JR :Tllzpo_AP

time independent

—
Region | Region 2 Region 3
Region |
T,ul/ L _%WL (CU + ULt) WL (CIj + ULt) n C,ul/

L WL(ZIZ + ULt) —’ULWL(LU -+ ULt) 1
Region 2

uv E(m) J

()

Region 3

1
U ——WR(x—vRt) WR(QB—URt) U
Ky v H
T3 - ( I/?/R(CE — URt) —URWL (.CC — ?JRt) * CIII

Monday, February 16, 15



Higher dimensions: the general case

We conjecture that:
T = Py + AP T = —vpJ + (Py + AP) = vgJ + (Py — AP)
T =0 . T =1J N : T = By — AP

TlOZO

VL . .
time independent

—
Region | Region 2 Region 3
Region |
T,ul/ L _%WL (CU + ULt) WL (CIj + ULt) n C,ul/

L WL(ZIZ + ULt) —’ULWL(LU -+ ULt) 1
Region 2

uv E(m) J

()

Region 3

1
U ——WR(x—vRt) WR(QB—URt) U
Ky v H
T3 - ( I/?/R(CE — URt) —URWL (.CC — ?JRt) * CIII

Monday, February 16, 15



Higher dimensions: the general case

We conjecture that:
T = Py + AP T = —vpJ + (Py + AP) = vgJ + (Py — AP)
T =0 . T =1J N : T = By — AP

TlOZO

VL . .
time independent

—
Region | Region 2 Region 3
Region |
T,ul/ L _%WL (CU + ULt) WL (CIj + ULt) n C,ul/

L WL(ZIZ + ULt) —’ULWL(LU -+ ULt) 1
Region 2

uv E(m) J

()

Region 3

1
U ——WR(x—vRt) WR(QB—URt) U
Ky v H
T3 - ( I/?/R(CE — URt) —URWL (.CC — ?JRt) * CIII

Monday, February 16, 15



Higher dimensions: the general case

We conjecture that:
T = —vpJ + (Py + AP) = vgJ + (Py — AP)
TV =J P

T' = Py + AP
=0 .

VL

- TH =Py — AP
T =0

ime independent
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e (
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—%WL(x + vpt)
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Higher dimensions: the general case
We conjecture that:

P
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Higher dimensions: the general case
We conjecture that:
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We conjecture that:
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Higher dimensions: the general case
We conjecture that:

TW:(e(x) J)AP
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1 : Py
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\” time independent :
Region | Region 2 Region 3
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Higher dimensions: the general case
We conjecture that:
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\” time independent :
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Higher dimensions: the general case
We conjecture that:
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J P
) : Py
2AP - —
L .
\” time independent :
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Higher dimensions: the general case
We conjecture that:

v (e(az) J) N

J P

) ' p
I =
\” time independent :
—
Region | Region 2 Region 3
We find:
d=4 d=4
P [
. |
TN
R Zis
i B - a0

(See also Bhaseen et. al., 20|3‘)
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Higher dimensions: the general case
We conjecture that:
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Higher dimensions: the general case
We conjecture that:
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Higher dimensions: the general case
We conjecture that:
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Higher dimensions: the general case

We find:

d=4 d=4 d=4
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Higher dimensions: the general case
We find:

d=4 d:4 d:4

Test |: nonlinear viscous hydrodynamics
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Higher dimensions: viscous hydro
We find (d=3, AP/Py=0.8)
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Higher dimensions: viscous hydro
We find (d=3, AP/Py=0.8)
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Higher dimensions: viscous hydro
We find (d=3, AP/Py=0.8)
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Higher dimensions: the general case
We find:

d=4

Test |: nonlinear viscous hydrodynamics.
Test 2: Holography.
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Holography

Let us start by considering an equilibrated
configuration
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Let us start by considering an equilibrated
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A planar event horizon:

ds® = 2dt (dr — A(r)dt) + r*dz?
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Holography

Let us start by considering an equilibrated
configuration

e «——> A

A planar event horizon:

P(T) = po <£)3 ds?® = 2dt (dr — A(r)dt) + r*da>

3 3
A(r) = 12 (1 - ("‘;T—TT) )
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Holography

Let us start by considering an equilibrated
configuration

e «——> A

A planar event horizon:

P(T) — AT\ " ds® = 2dt (dr — A(r)dt) + rdz>
— Po <T) s

e.g.,in ABJM Alr) =17 (1‘ ( ES ) )
2N?

A\ =

=| =

NG
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Holography

Out of equilibrium we want to start with:
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Holography

Out of equilibrium we want to start with:

P(Ty) = po (47T3TL)3
P(TRr) = po (47T?)TR)3
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Holography

Out of equilibrium we want to start with:
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)3 A planar event horizon:
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Holography

Out of equilibrium we want to start with:

- P
L —

ATTL\°
P(TL) :po ( WBL)
I B A planar event horizon:
3 ds® = 2dt (dr — A(r, 2)dt) + r*dz?

A(r,z) =r? (1 - <a13(742)>3>
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Holography

Out of equilibrium we want to start with:

a8 P
L —

ATTL\°
P(TL) :po ( WBL)
I B A planar event horizon:
3 ds® = 2dt (dr — A(r, 2)dt) + r*dz?

A(r,z) =r? (1 - (a;(:i)>3>

a1 = ~ Ay (1~ atanh (5 tanh (;)))

_47TTL _47TTR
-3 3

a1(—o00) a1(00)

Monday, February 16, 15



Holography

Out of equilibrium we want to start with:

ds® = 2dt (dr — A(r, 2)dt) + r*dz?

A(r,z) =1 <1 - (ag(:))?’)
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Holography

Out of equilibrium we want to start with:

ds® = 2dt (dr — A(r, 2)dt) + r*dz?

A(r, z) =1 (1 — (“13(5))3>

and evolve it forward in time
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Holography

Out of equilibrium we want to start with:

ds® = 2dt (dr — A(r, 2)dt) + r*dz?

A(r, z) =1 (1 — (“13(?)3)

and evolve it forward in time. Using

ds® = 2dt(dr — A(t, z,r)dt — F(t,z,r)dz) + X*(t,r, 2) (eB(t’Z’T)d:IJi + e_B(t’Z’T)dz2)

the Einstein equations reduce to a set of nested linear
differential equations in the radial coordinate ‘r’.
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Holography

Out of equilibrium we want to start with:

ds® = 2dt (dr — A(r, 2)dt) + r*dz?

A(r, z) =1 (1 — (“13(?)3)

and evolve it forward in time. Using

ds® = 2dt(dr — A(t, z,r)dt — F(t,z,r)dz) + X*(t,r, 2) (eB(t’Z’T)d:IJi + e_B(t’Z’T)dz2)

the Einstein equations reduce to a set of nested linear
differential equations in the radial coordinate ‘r’.We
have solved these equations numerically.

Monday, February 16, 15



Holography

Monday, February 16, 15



Holography
We find (d=3, AP/P4=0.4)
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Holography
We find (d=3, AP/P;=0.4)

TXX
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Holography
We find (d=3, AP/Po=0.4)

3
F|3

1) csr 1//=0.00
S *ay : 2
.-: 06l
oF
* . 0.4k
0.5 - -
0.2}
-1l_c' o '-cl.sl o 'o.o' o 'ofsi o ‘1fc tanh(x/10/) -Wcl_s ““““““ oisl - -%tanh(xﬁO/)

Monday, February 16, 15



Holography
We find (d=3, AP/P4=0.4)




Holography
We find (d=3, AP/P4=0.4)




Holography
We find (d=3, AP/P4=0.4)
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Holography

We find (d=3, AP/P=0.4)
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Summary

AT AT

In 2 2d CFT we find

T = T} (o0) +T-(—00) = (Pleft + B 1ght) )

(P left — P r1ght)

wlr—\wlr—\

T =T (—o00) — T (00) =
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Summary

AT” A'|'0|

.V

Also for linearized ideal fluids in d dimensions

AP
TO(t = o00) = (d — 1)Py, TNt = o0) = =, TY(t = 00) = P,
Cs
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Summary

Otherwise, using the conjecture:
P
A

time independant

Region | Region 2 Region 3
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Summary

Otherwise, using the conjecture:
P
A

time independant

Region | Region 2 Region 3

We find:

d=4 d=4

. |

What about the blue branch?

Monday, February 16, 15



Thank you




